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Invariant measures of topological dynamical systems.

» X is a compact metric space and T : X — X is a continuous
transformation.

» M7(X) is the set of invariant probability measures of (X, T).
» M7 (X) is a metrizable Choquet simplex.

» Every metrizable Choquet simplex can be realized as M 1(X)
for some Toeplitz subshift (X, T) (T. Downarowicz, 91).
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For every metrizable Choquet simplex K, there exists a € (0, 4]
such that if f(x) = ax(1 — x) then
» The omega-limit set w(c) associated to the critical point c is
a Cantor set.
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> My¢(w(c)) is affine homeomorphic to K.

The result is true if we replace the family of logistic maps for any
other full family.
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Theorem

Consequences (thermodynamical formalism).

> Let f be a logistic map such that M¢(w(c)) is affine
homeomorphic to the Choquet simplex K.

P(tlog|f'])= sup {h,— t/log|f’|du}.
NEMf([Ovl])

» K is affine homeomorphic to the set of equilibrium states of
tlog|f’|, with t > 1.
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Idea: Given a Choquet simplex K, to find an admissible @ such

~

that the associated unimodal map f verifies M¢(w(c)) = K.
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Let @ : N — N a kneading map. Associated to Q there is a
dynamical system (Qq, Tg), called generalized odometer,
defined as follows:

> QQ = {(Xi)iEN c {0, I}N X = 1= XQ(k+1) = Xk_1 = O}

» Qo = {< n>:neN}, where < n>€ {0,1}" is the
representation of n in base (Sk)k>0.

> Tg:<n>—=<n+1>.

» If Q(k) — oo, then T extends to a unique continuous map
on Qg (Bruin, Keller, St. Pierre, 97).
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> If Q(k) — oo, then (Qg, Tg) is a minimal Cantor system, Tg
is one-to-one on Qg \ {< 0 >}. (Bruin, Keller, St. Pierre)

> If Q(k) — oo, then there exists a topological factor
7 :(Qq, Tg) — (w(c), f). (Bruin, Keller, St. Pierre)

Under some additional conditions on @, 7 preserves the set of
invariant probability measures.

Idea: Given a Choquet simplex K, to find an admissible @ such
that Q(k) — oo, Q7,(Qq) = K and the associated unimodal map
f verifies M¢(w(c)) = Q1,(Q9)-

To get Q7,(Qq) = K, we use a Bratteli-Vershik representation
of (29, To)-
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Some open questions.

Suppose (X1, T1) and (X2, T2) are minimal (homeomorphism)
Cantor systems.

» (X1, T1) and (X3, T») are conjugate implies

> (X1, T1) and (X2, T») are orbit equivalent implies

> M, (X1) and M1,(Xz) are affine homeomorphic.

Orbit equivalence < There exists F : X1 — X2 homeomorphism
that induces an affine homeomorphism
Fi: M1, (X1) = MT1,(X2). (Giordano, Putnam, Skau).

Do the minimal Cantor systems given by the restriction of a
unimodal map to the omega-limit set associated to the postcritical
set of the critical point realize all the class of orbital equivalence?
What about the dimension groups associated to such systems?.
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Construction of Q.

Let r, — (’”rl)zﬂ We define Q = Q(y.5,¢) : N — N depending

on:
0 = (0n)n>0 is a sequence of permutations o, € Spi1.
a = (a@p)n>0 is a sequence of positive integer vectors
3,, (a,,,o, cee ,a,,,,,) S Nt
» q = (gr)r>0 is a sequence of increasing integers such that

go =0 and

Adr, — 9r,—1 = an0 + -+ an,n-
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We define a partition {/,, J, : n > 0} of Z, as follows:
> h={qr,—1+1,--,qn}
> Jh={q, +1,--- , g -1}
» For each 0 < m < n,

m—1 m
Inm={Gr-1+1+> ani* Gn-1+ Y ani},
i=0 i=0

and
Jn,m = {qrn+m +1,---, an+m+1}-



Apendix.

Definition of Q.

Q = Q(a,a,q) = Z Z qrn—1+m(1ln,m + 1Jn,0';1(m))‘

neN m=0



Apendix.

Theorem A.

r>1
ré¢{r:neN}

then M1,(Q2q) and Ml (w(c)) are affine homeomorphic to

Ao A1 Az

Al A2 cee

Iim(A,,, An) = Ao

where A, = {(x0, - , %) € RT3 5 =1} and
An = [nl &, ()| -+ |€y(m)]-



Apendix.

Proof of the Main Theorem

We use Theorem A, the precedent Lemma and the next theorem.

Theorem

(Lazar, Lindenstrauss, 1971) Let K be an infinite dimensional
metrizable Choquet simplex. Then there exists a sequence of
surjective linear maps (An)n>0 such that A, : App1 — Ay and
such that K is affine homeomorphic to lim_,(Ap, Ap).
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