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Main result.

Theorem
For every metrizable Choquet simplex K, there exists a ∈ (0, 4]
such that if f (x) = ax(1− x) then

I The omega-limit set ω(c) associated to the critical point c is
a Cantor set.

I The restriction of the unimodal map f to ω(c) is minimal.

I Mf (ω(c)) is affine homeomorphic to K.

The result is true if we replace the family of logistic maps for any
other full family.
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Consequences (thermodynamical formalism).

I Let f be a logistic map such that Mf (ω(c)) is affine
homeomorphic to the Choquet simplex K .

I

P(t log |f ′|) = sup
µ∈Mf ([0,1])

{hµ − t

∫
log |f ′|dµ}.

I K is affine homeomorphic to the set of equilibrium states of
t log |f ′|, with t ≥ 1.
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Let f be a unimodal map. Associated to f there are two important
objects:

I The sequence of cutting times (Sk)k≥0

I The kneading map Q : N→ N defined by the relation
Sk+1 = Sk + SQ(k+1), for each k ≥ 0.

f unimodal ←→ Q : N→ N verifying admissibility conditions.
(Hofbauer)

Idea: Given a Choquet simplex K , to find an admissible Q such
that the associated unimodal map f verifies Mf (ω(c)) u K .
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Generalized odometers.

Let Q : N→ N a kneading map. Associated to Q there is a
dynamical system (ΩQ ,TQ), called generalized odometer,
defined as follows:

I ΩQ = {(xi )i∈N ∈ {0, 1}N : xk = 1⇒ xQ(k+1) = · · · xk−1 = 0}.
I ΩQ = {< n >: n ∈ N}, where < n >∈ {0, 1}N is the

representation of n in base (Sk)k≥0.

I TQ :< n >→< n + 1 >.

I If Q(k)→∞, then TQ extends to a unique continuous map
on ΩQ (Bruin, Keller, St. Pierre, 97).
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I If Q(k)→∞, then (ΩQ ,TQ) is a minimal Cantor system, TQ

is one-to-one on ΩQ \ {< 0 >}. (Bruin, Keller, St. Pierre)

I If Q(k)→∞, then there exists a topological factor
π : (ΩQ ,TQ)→ (ω(c), f ). (Bruin, Keller, St. Pierre)

Under some additional conditions on Q, π preserves the set of
invariant probability measures.

Idea: Given a Choquet simplex K , to find an admissible Q such
that Q(k)→∞, ΩTQ

(ΩQ) u K and the associated unimodal map
f verifies Mf (ω(c)) u ΩTQ

(ΩQ).

To get ΩTQ
(ΩQ) u K , we use a Bratteli-Vershik representation

of (ΩQ ,TQ).
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Suppose (X1,T1) and (X2,T2) are minimal (homeomorphism)
Cantor systems.

I (X1,T1) and (X2,T2) are conjugate implies

I (X1,T1) and (X2,T2) are orbit equivalent implies

I MT1(X1) and MT2(X2) are affine homeomorphic.

Orbit equivalence ⇔ There exists F : X1 → X2 homeomorphism
that induces an affine homeomorphism
F∗ :MT1(X1)→MT2(X2). (Giordano, Putnam, Skau).

Do the minimal Cantor systems given by the restriction of a
unimodal map to the omega-limit set associated to the postcritical
set of the critical point realize all the class of orbital equivalence?
What about the dimension groups associated to such systems?.
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Construction of Q.

Let rn = (n+1)(n+2)
2 . We define Q = Q(σ,a,q) : N→ N depending

on:

I σ = (σn)n≥0 is a sequence of permutations σn ∈ Sn+1.

I a = (~an)n≥0 is a sequence of positive integer vectors
~an = (an,0, · · · , an,n) ∈ Nn+1.

I q = (qr )r≥0 is a sequence of increasing integers such that
q0 = 0 and

qrn − qrn−1 = an,0 + · · ·+ an,n.
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We define a partition {In, Jn : n ≥ 0} of Z+ as follows:

I In = {qrn−1 + 1, · · · , qrn}.
I Jn = {qrn + 1, · · · , qrn+1−1}.
I For each 0 ≤ m ≤ n,

In,m = {qrn−1 + 1 +
m−1∑
i=0

an,i , · · · , qrn−1 +
m∑

i=0

an,i},

and
Jn,m = {qrn+m + 1, · · · , qrn+m+1}.
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Definition of Q.

Q = Q(σ,a,q) =
∑
n∈N

n∑
m=0

qrn−1+m(1In,m + 1J
n,σ−1

n (m)
).
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Theorem A.

If ∏
r ≥ 1

r /∈ {rn : n ∈ N}

(
1−

Sqr−1

Sqr

)
> 0

thenMTQ
(ΩQ) andMf |ω(c)

(ω(c)) are affine homeomorphic to

lim
←

(4n,An) = 40 41
A0oo 42

A1oo · · ·A2oo ,

where 4n = {(x0, · · · , xn) ∈ Rn+1
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Proof of the Main Theorem

We use Theorem A, the precedent Lemma and the next theorem.

Theorem
(Lazar, Lindenstrauss, 1971) Let K be an infinite dimensional
metrizable Choquet simplex. Then there exists a sequence of
surjective linear maps (An)n≥0 such that An : 4n+1 →4n and
such that K is affine homeomorphic to lim←n(4n,An).
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