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Tilings of RY.

A tiling of R? is a countable collection 7 = {t, : n > 0} of closed
sets in RY (tiles) verifying:

» RI = UnZO th.

> int(t,) Nint(tym) =0 if n # m.
We consider some additional properties:

» The tiles are homeomorphic to the unitary ball.

» There exists a finite set A of tiles, such that every tile in 7 is
equal to some tile in A, up to translations. The elements of .4
are called (prototiles). If A; and A; are equal up to
translation, we say they are equivalent.

» A tile t could be a pair (supp(t), ¢t), where supp(t) is a
closed set as before, and ¢; is a label or color. In this case, A;
and A, are equivalent if their colors are equal and their
supports are equivalent.
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Tilings of RY.

Penrose tiling.
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Tiling systems.

Let A be a finite set of tiles in RY.

» We call X4 the space of all the tilings of R whose tiles are
equivalent to the tiles in A.

» The set X4 could be empty. We assume that X4 # 0.

» RY acts on X4 by translations:

RYx X4 — Xa
v, T) — T-V,

where 7 ={t,:n>0}and 7 — vV = {t, — V: n>0}.
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Tiling spaces.

» We endow X4 with the following metric:
For 7, 7' in X4 define

d(T,T'") = inf{r € (0,27/2) : 3V € B,(0), such that
T — v and 7' agree on By/,(0)}.

The distance between 7 and 7" is
d(T,7T") = min{d(T,T"),271/?}.
» For every v € RY, the translation 7 — 7 — V is a

homeomorphism (with respect to the topology generated by
the metric d).
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Tiling systems.

A tiling system is a closed and translation-invariant set X C X4,
equipped with the restriction of the R9action to X. For instance,
Qr ={7 —v:veRI}.

We are interested in compact tiling systems.

» A patch of a tiling 7 is a finite collection of tiles in 7.

» Let X be a tiling system. A patch P is X-admissible, if there
exists 7 € X such that P is a patch of 7.

» The tiling system X verifies the finite pattern condition
(FPC) if for every R > 0 there are finitely many X-admissible
patches with diameter < R, up to translation.

» X is compact if and only if X verifies FPC.
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Tiling dynamical systems.

Finite pattern condition.

> Let A = {(J,M}. The tiling system X = X4 does not verify
FPC.
There are infinitely many non equivalent patches P = {t1, t»}.

> Let A= {(J,®}. We define
X ={T € X4 : the tiles in 7 meet side to side }

X is a tiling system verifying FPC.
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Substitutions.

Let A be a finite set of tiles of R?. Let A* be the set of patches of
tiles in A.

A function w : A — A* is a substitution if there exists an
expansive linear map ¢ : RY — RY such that for every A € A,

supp(w(A)) = ¢(supp(A)).

We have w = S o ¢, where S is a subdivision rule.
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We can extend w to A* as follows:

Let P = {tx : 1 < k < n} be a patch, then
w(tk) = w(Ak) + ¢(Xk) and w(P) = {w(tx) : 1 < k < n},

where A, € A and X, € R? are such that t, = A + X, for every
1< k<n.

In the same way, w is extended to X4:

w(7) ={w(ty) : n€ N} for T = {t,: n € N} € X4.
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Substitution tiling spaces.

Let w: A — A* be a substitution.
The substitution tiling space associated to w is the set
Xaw ={T € X4 :V patch PC T, thereexist Ac A,n>0,X € RY
such that P+ X € w"(A)}

Substitution tiling spaces are closed and invariant by translation.
Then (X4.,R9) is a tiling system.

We assume that X4, verifies FPC (compact).
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Substitution tiling systems.

Substitution matrix.

The dynamics on X4, has a strong dependence on w.
The substitution matrix associated to w is the matrix
M, € MaxA(Z") defined as
M, (A, B) = number of tiles in w(B) equivalent to A.

w is primitive if M, is primitive. This is equivalent to the
existence of n > 0 such that for every A, B € A there is in w"(B) a
tile equivalent to A.

The Chair substitution is primitive. The Cantor substitution is not
primitive.
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Substitution tiling systems.

Cantor substitution.

A={o}[1}}.
o[o]o 1]1]1
[0]—]0]0]0] [1]—]1 1
0ofo]o 1]1]1

The associated matrix
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Substitution tiling systems.

Primitive substitution tiling systems.

If w is primitive then (see Dynamics of self-similar tilings.
Solomyak 97):

> (X4w,R?) is minimal.

> (Xaw, RY) is uniquely ergodic.
If w is not primitive then (XAyw,Rd) is not minimal and not always
uniquely ergodic.
Question: How can we describe the sigma-finite invariant
measures of (X4, RY) in the non primitive case?
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Non primitive substitutions.

Equivalence relation.

Let w: A — A* be a substitution.
On A we define the following equivalence relation:

A~ B < A= B or3n,m> 0 such that w"(B) has a tile equivalent to
A and w™(A) has a tile equivalent to B.

Let Aq,---,.Aj be the equivalences classes of ~ (if w is primitive
then A is the only equivalence class).



Non primitive substitutions.

Substitution matrix.

After to arrange the elemnts of A and to take powers of w, the
matrix M,, looks like

M 0 --- 0 X X X
0 : X X X
0 X X X
M., = Mn X X X
' Mpy1 X X
: "o, X
0o --- e .. 0 M,
(see Introduction to symbolic dynamics and coding. Lind and

Marcus, 95)
D
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Finite invariant measures

» M; is the restriction of M,, to A;. This matrix is primitive or
equal to [0].

» X, has m minimal components Xi, --- , X;,. Moreover,
Xi = Xg;w forevery 1 <i < m.

Theorem

(C. Solomyak) The finite invariant measures of (X, R9) are
supported on the minimal components. Thus if there are m
minimal components, then (X4, RY) has exactly m ergodic
probability measures.

Proof. Ergodic Theorem and the Perron-Frobenius Theorem for
matrices.
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Sigma-finite invariant measures

We assume that 0 is in the interior of every prototile A € A.

» The center of atilet € 7 is X € int(t) if t = A+ X, for
some A € A.

> The transversal of X4, is the set

I'={7 € X4 : 0 is the center of a tile in 7}.

» Let P be an admissible patch such that 0 is the center of a
tile in P. We define

CPZ{TEFZPQT}.

With the induced topology, I is totally disconnected with base
{Cp}p-
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Sigma-finite invariant measures

A transverse measure of X4, is a Borel measure v on I" such
that v(U) = v(U — V), for every Borel set U and v € RY such that
U-vCrT.

» There is a one-to-one correspondence between sigma-finite
invariant measures and sigma-finite transversal measures.

» We call 17 the transversal measure associated to the
invariant measure . We have

w(Cp+0©) = n" (Cp)vol(©),

for every sufficiently small open set © C RY.
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Sigma-finite invariant measures

Under some assumptions on w:

Theorem
(C., Solomyak) For every m+1 < i < | (such that M; is primitive)
there exists a sigma-finite ergodic measure yi; supported on

Yi ={7 € Xa : T has a tile equivalent to some prototile in A;},

such that 0 < ul (Ca) < oo, for every A € A;. Conversely, if u is a
sigma-finite ergodic invariant measure such that 0 < 117 (Ca) < 00
for some A € A\ UL, Aj, then yu is equal to some p;, up to
multiplication by a constant.
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VA € Aponp, O(support(w(A))) C support(w(A)|nonp),

where Aper C A are the prototiles which appears in periodic tilings
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Invariant measures.

We assume that w has non-periodic border.
VA € Aponp, O(support(w(A))) C support(w(A)|nonp),

where Aper C A are the prototiles which appears in periodic tilings
belonging to minimal componentes, and Aponp = A\ Aper.

The previous condition implies recognizability:

T € X4, with a tile equivalent to a A € Aponp = [w T} = 1.
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where A" = U/_,..1 A
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Invariant measures.

Recognizability implies that for every invariant measure p

(17 (Ca))acar € core(My) = () M2l ((R®)F),
n>0

where A" = UJI-:mJr1 Aj.

The extra condition for every m+1 < i < [ there exist A € A; and
n > 0 such that the interior of w"(A) has a tile equivalent to A
implies every non trivial generator of core(M,,) defines a
sigma-finite ergodic transverse measure as we want.



	Tilings of Rd.
	Tiling dynamical systems.
	Substitution tilings.
	Substitution tiling systems.
	Non primitive substitutions.
	Invariant measures.

