
LINEARLY REPETITIVE DELONE SYSTEMS HAVE A
FINITE NUMBER OF NON PERIODIC DELONE SYSTEMS

FACTORS.
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Abstract. In this paper we prove linearly repetitive Delone systems
have finitely many Delone system factors up to conjugacy. This result
is also applicable to linearly repetitive tiling systems.

1. Introduction

The concepts of tiling dynamical system and Delone dynamical system are
extensions to Rd-actions of the notion of subshift (see [Ro]). Classical ex-
amples are those generated by self-similar tilings, as the Penrose one, which
have been extensively studied since the 90’s. For details and references see
for example [Ro, So1]. Systems arising from self-similar tilings are known
to be linearly repetitive (see [So2, Lemma 2.3]), this means there exists a
positive constant L, such that every pattern of diameter D appears in every
ball of radius LD in any tiling of the system. This concept has been first
defined in [LP]. Linearly repetitive tiling and Delone systems can be seen
as a generalization to Rd-actions of the notion of linearly recurrent subshift
introduced in [DHS].
We study the factor maps between Delone systems. The main result is
the following: linearly repetitive Delone systems have finitely many Delone
system factors up to conjugacy. As noticed in [So3], tiling systems are
topologically conjugate to Delone systems. This conjugacy also preserves
linear repetitivity. Consequently, the results that we present can be easily
extended to linearly repetitive tiling systems.
The main result of this paper was obtained in the context of subshifts in
[Du1]. A key tool used in [Du1], is the existence of sliding-block-codes for
factor maps between subshifts (Curtis-Hedlund-Lyndon Theorem). Unlike
subshifts, factor maps between two tiling systems are not always sliding-
block-codes (see [Pe] and [RS]). The lack of this property appears to be the
main difficulty of this work. To surmount this obstacle, we carefully dissect
continuity of factor maps, by means of Voronöı cells and return vectors.
This paper is organized as follows: In Section 2 we recall basic concepts
and results about Delone systems. In Section 3 we show the factor maps
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from linearly repetitive Delone systems to Delone systems are finite-to-one.
Finally, Section 4 is devoted to the proof of the main theorem.

2. Definitions and background

In this section we give the basic definitions and properties concerning Delone
sets. For more details we refer to [LP] and [Ro]. Let r and R be two positive
real numbers. A (r, R)-Delone set X is a discrete subset of Rd satisfying the
following two properties:

(1) Uniform discreteness: each open ball of radius r > 0 in Rd contains
at most one point of X.

(2) Relative density: each closed ball of radius R > 0 in Rd contains at
least one point of X.

A (r, R)-Delone set X, in short a Delone set, has finite local complexity if
X −X is locally finite, i.e. the intersection of X −X with any bounded set
is finite.
The translation by a vector v ∈ Rd of a Delone set X, is the Delone set X−v
obtained after translating every point of X by −v. Observe that X − v has
finite local complexity if and only if X has finite local complexity. A Delone
set is said to be non periodic if X − v = X implies v = 0.
Let R > 0 and X be a Delone set. We say that P ⊆ X is the R-patch of X
centered at the point y ∈ Rd if

P = X ∩BR(y),

where BR(y) denotes the open ball of a radius R centered at y. If there is
no confusion, we refer to a R-patch of X merely as a patch. A sub-patch of
the patch P is a patch of X included in P . A patch Q is a translated of the
patch P if there exists v ∈ Rd such that P − v = Q. The vector v ∈ Rd is a
return vector of the patch P in X if P − v is a patch of X. An occurrence
of the patch P of X centered at y ∈ Rd is a point w ∈ Rd such that y − w
is a return vector of P . Observe the patch P − (y − w) is the translated of
P centered at w.
The R-atlas AX(R) of X is the collection of all the R-patches centered at a
point of X translated to the origin. More precisely:

AX(R) = {X ∩BR(x)− x; x ∈ X}.

The atlas AX of X is the union of all the R-atlases, for R > 0. Notice that
X has finite local complexity if and only if AX(R) has finite local complexity
for every R > 0.
The Delone set X is repetitive if for each R > 0 there is a finite number
M > 0, such that for every closed ball B of radius M the set B∩X contains
a translated patch of every R-patch of X. Observe that any repetitive Delone
set has necessarily finite local complexity.
The Voronöı cell of a point x ∈ X is the compact subset

Vx = {y ∈ Rd; ||x− y|| ≤ ||x′ − y|| for any x′ ∈ X}.
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Notice that if X is a Delone set has finite local complexity, then each Voronöı
cell of X is a polyhedra, and there is a finite number of Voronöı cells of X
up to translations.

2.1. Delone systems. We denote by D the collection of the Delone sets of
Rd. The group Rd acts on D by translations:

(v,X) 7→ X − v for v ∈ Rd and X ∈ D.

Furthermore, this action is continuous with the topology induced by the
following distance: take X, X ′ in D, and define A the set of ε ∈ (0, 1√

2
) such

that there exist v and v′ in Bε(0) with

(X − v) ∩B1/ε(0) = (X ′ − v′) ∩B1/ε(0),

we set

d(X, X ′) =
{

inf A if A 6= ∅
1√
2

if A = ∅.
Roughly speaking, two Delone sets are close if they have the same pattern
in a large neighborhood of the origin, up to a small translation.
A Delone system is a pair (Ω, Rd) such that Ω is a translation invariant
closed subset of D. The orbit closure of a Delone set X in D is the set ΩX =
{X + v : v ∈ Rd}. This is invariant by the Rd-action, and, it is compact if
and only if X has finite local complexity (see [Ro] and [Ru]). Every X ′ ∈ ΩX

is a (r, R)-Delone set if X is a (r, R)-Delone set, and for any real R > 0, we
have AX′(R) ⊂ AX(R). If all the orbits are dense in ΩX , the Delone system
(ΩX , Rd) is said to be minimal. It is shown in [Ro] that the Delone set X
is repetitive if and only if the system (ΩX , Rd) is minimal. In that case, for
any X ′ ∈ ΩX and any R > 0 the R-atlases AX′(R),AX(R) are the same. If
in addition, X is non periodic, then every Delone set in ΩX is non periodic.
A factor map between two Delone systems (Ω1, Rd) and (Ω2, Rd) is a con-
tinuous surjective map π : Ω1 → Ω2 such that π(X − v) = π(X) − v, for
every X ∈ Ω1 and v ∈ Rd.
In symbolic dynamics it is well-known that topological factor maps between
subshifts are always given by sliding-block-codes. There are examples which
show that this result can not be extended to Delone systems ([Pe], [RS]).
The following lemma shows that factor maps between Delone systems are
not far from being sliding-block-codes. A similar result can be found in
[HRS].

Lemma 1. Let X1 and X2 be two Delone sets. Suppose X1 has finite local
complexity and π : ΩX1 → ΩX2 is a factor map. Then, there exists a constant
s0 > 0 such that for every ε > 0, there exists Rε > 0 satisfying the following:
For any R ≥ Rε, if X and X ′ in ΩX1 verify

X ∩BR+s0(0) = X ′ ∩BR+s0(0),

then
(π(X)− v) ∩BR(0) = π(X ′) ∩BR(0)
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for some v ∈ Bε(0).

Proof. The Delone set X2 has also finite local complexity because ΩX2 is
compact. Let r0 and R0 be a positive constant such that X2 is a (r0, R0)-
Delone set. Since all the elements of ΩX2 are (r0, R0)-Delone sets, if two
different points y1, y2 of Rd satisfy (X − y1)∩BR(a) = (X − y2)∩BR(a) for
some X ∈ ΩX2 , a ∈ Rd and R > R0, then ‖y1− y2‖ ≥ r0

2 (for the details see
[So1]).

Let 0 < δ0 < min{ r0
4 , 1

R0
}. Since π is uniformly continuous, there exists

s0 > 1 such that if X and X ′ in ΩX1 verify X ∩Bs0(0) = X ′ ∩Bs0(0) then

(π(X)− v) ∩B 1
δ0

(0) = π(X ′) ∩B 1
δ0

(0),

for some v ∈ Bδ0(0). Let 0 < ε < δ0. By uniform continuity of π, there exists
0 < δ < 1

s0
such that if X and X ′ in ΩX1 verify X ∩ B 1

δ
(0) = X ′ ∩ B 1

δ
(0)

then

(2.1) (π(X)− v) ∩B 1
ε
(0) = π(X ′) ∩B 1

ε
(0),

for some v ∈ Bε(0). Now fix R ≥ Rε = 1
δ − s0, and let X and X ′ be two

Delone sets in ΩX1 satisfying

(2.2) X ∩BR+s0(0) = X ′ ∩BR+s0(0).

Observe that X and X ′ satisfy (2.1), and (X−a)∩Bs0(0) = (X ′−a)∩Bs0(0),
for every a in BR(0). The choice of s0 ensures that

(2.3) (π(X)− a− t(a)) ∩B 1
δ0

(0) = (π(X ′)− a) ∩B 1
δ0

(0),

for some t(a) ∈ Bδ0(0). Let us prove the map a → t(a) is locally constant.
For a ∈ BR(0), let 0 < sa < 1

δ0
− R0 be such that Bsa(a) ⊆ BR(0). Every

a′ ∈ Bsa(0) verifies B 1
δ0
−‖a′‖(−a′) ⊂ B 1

δ0

(0). Let a′ ∈ Bsa(0). This inclusion

and (2.3) imply

(2.4) (π(X)−a−a′−t(a))∩B 1
δ0
−‖a′‖(−a′) = (π(X ′)−a−a′)∩B 1

δ0
−‖a′‖(−a′).

On the other hand, from the definition of the map a → t(a) we deduce

(π(X)− a− a′ − t(a + a′)) ∩B 1
δ0

(0) = (π(X ′)− a− a′) ∩B 1
δ0

(0),

which implies
(2.5)
(π(X)−a−a′−t(a+a′))∩B 1

δ0
−‖a′‖(−a′) = (π(X ′)−a−a′)∩B 1

δ0
−‖a′‖(−a′).

Since ‖t(a)− t(a + a′)‖ ≤ r0
2 , from equations (2.4), (2.5) and the remark of

the beginning of the proof we conclude t(a) = t(a+ a′) for every a′ ∈ Bs(0).
Therefore the map a 7→ t(a) is constant on Bsa(a).
Furthermore, due to δ0 > ε and (2.2), Equation (2.1) implies there exists
v ∈ Bε(0) such that

(2.6) (π(X)− v) ∩B 1
δ0

(0) = π(X ′) ∩B 1
δ0

(0).
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For a = 0, from (2.3) and (2.6) we have that t(0) = v or ‖v − t(0)‖ ≥ r0
2 .

Since ‖t(0)−v‖ ≤ δ0 +ε < 2δ0 < r0
2 , we conclude t(0) = v and then t(a) = v

for every a ∈ BR(0). This property together with (2.3) and (2.6) imply that

(π(X)− v) ∩BR(0) = π(X ′) ∩BR(0).

This conclude the proof. �

3. Preimages of factor maps.

In the rest of this paper we suppose that all the Delone sets have finite local
complexity.
A Delone set X is linearly repetitive if there exists a constant L > 0 such
that for every patch P in X, any ball of radius Ldiam(P ) intersected with X
contains a translated patch of P . In this instance we say that X is linearly
repetitive with constant L. Notice the constant L must be greater or equal
than 1, and if X is linearly repetitive with constant L, then it is linearly
repetitive with constant L′, for every L′ > L. Every Delone set in the orbit
closure of a linearly repetitive Delone set is linearly repetitive with the same
constant. When X is linearly repetitive, we call (ΩX , Rd) a linearly repetitive
Delone system.
The following lemma shows the factors of linearly repetitive systems are also
linearly repetitive with a uniform control on the constants. This was already
proven for subshifts in [Du1].

Lemma 2. Let X be a linearly repetitive Delone set with constant L. If
X ′ is a Delone set such that (ΩX′ , Rd) is a topological factor of (ΩX , Rd),
then there exists a constant τX′ > 0 such that if P is a patch of X ′ with
diam(P ) ≥ τX′, then for any y ∈ Rd, the set X ′ ∩ B5Ldiam(P )(y) contains a
translated patch of P .

Proof. Let π : ΩX → ΩX′ be a topological factor, where X is a (rX , RX)-
linearly repetitive Delone set with constant L, and X ′ is a (rX′ , RX′)-Delone
set. We can assume that π(X) = X ′. Let s0 > 0 be the constant of Lemma
1. Fix 0 < ε < Ls0 and consider Rε > 0 as in Lemma 1. We set

τX′ = max{s0, Rε, RX , RX′}.

Let P be a patch in X ′ with diam(P ) = D ≥ τX′ , and let v ∈ P ⊂ X ′. Let
Q = (X−v)∩BD+s0(0). Since diam(Q) ≤ 2(D+s0), for every y ∈ Rd there
exists w ∈ B2L(D+s0)(y) such that (X − w) ∩ BD+s0(0) = Q. Then, from
Lemma 1 there exists t ∈ Bε(0) such that

(X ′ − v) ∩BD(0) = (X ′ − w − t) ∩BD(0).

Since (X ′ − v) ∩ BD(0) contains a translated of P , this shows that every
ball of radius 2L(D + s0) + ε ≤ 5LD in X ′ contains a translated of P as
sub-patch. �



6 Maria Isabel Cortez, Fabien Durand, Samuel Petite

The next Lemma follows the same lines of Lemma 2.4 in [So2]. We show
the set of occurrences of a R-patch of a linearly repetitive Delone set and
its factors is uniformly discrete with a constant depending linearly on R.

Lemma 3. Let X be a non periodic linearly repetitive Delone set with con-
stant L, and let X ′ be a non periodic Delone set such that (ΩX′ , Rd) is a
topological factor of (ΩX , Rd). There exists a constant MX′ > 0 such that
for every R ≥ MX′ and for every R-patch P of X ′, if x ∈ Rd \ {0} is a
return vector of P , then ‖x‖ ≥ R/(11L).

Proof. Let R′ > 0 be a real such that any patch of the kind X ′ ∩ BR′(y),
with y ∈ Rd, has diameter greater than τX′ , where τX′ is the constant given
by Lemma 2. Let MX′ = 110LR′ + R′ and P be the R-patch X ′ ∩ BR(v)
with R > MX′ and v ∈ Rd. Suppose there exists x ∈ Rd, with 0 < ‖x‖ <
R/(11L), such that P + x is a patch of X ′. For any y ∈ Rd, consider the
patches

Qy = X ′ ∩BR′(y) and Sy = X ′ ∩BR′+‖x‖(y).

Since
τX′ ≤ diam(Sy) ≤ 2(R′ + ‖x‖),

from Lemma 2, every ball of radius 10L(R′ + ‖x‖) intersected with X ′ con-
tains a translated of Sy. By the very hypothesis, we have

10L(R′ + ‖x‖) < 10LR′ +
10R

11
≤ R

11
+

10R

11
= R.

This implies there exists w ∈ Rd such that Sy + w is a sub-patch of X ′ ∩
BR(v) = P . Because P +x is also a patch of X ′, we have Qy +w +x is also
a patch of X ′ and a sub-patch of Sy + w. Hence Qy + w + x = Qy+x + w
and

Qy + x = Qy+x.

Since y is arbitrary, we conclude that X ′ + x = X ′, which contradicts the
non periodicity of X ′ if x 6= 0. �

We recall the following definition: A factor map π : (Ω, Rd) → (Ω′, Rd) is said
to be finite-to-one (with constant D) if for all y ∈ Y we have |π−1({y})| ≤ D.
The next result is a technical lemma we use in Proposition 5 to show that
factor maps between linearly repetitive Delone systems are finite-to-one.

Lemma 4. Let π : (ΩX , Rd) → (ΩX′ , Rd) be a factor map, where X is
a linearly repetitive Delone set with constant L, and X ′ is a non periodic
Delone set. We denote by s0 the constant given by Lemma 1.
For every 0 < ε < s0

2 , there exists a constant Rπ such that for any R > Rπ

there are at most n ≤ (55L2)d patches P1, . . . , Pn satisfying for every 1 ≤
i ≤ n the following conditions:

i) Pi = (X − wi) ∩BR+s0(0), for some wi ∈ Rd,
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ii) If X” belongs to ΩX and X” ∩ BR+s0(0) = Pi, then there exists
v ∈ Bε(0) such that

(π(X”)− v) ∩BR(0) = π(X) ∩BR(0),

iii) The patch (X−wi)∩BR+s0−2ε(0) is not a sub-patch of Pj, for every
1 ≤ j ≤ n, j 6= i.

Proof. Let 0 < ε < s0
2 , Rπ = max{s0,MX′ , Rε} and R > Rπ, where MX′ is

the constant given by Lemma 3 and Rε by Lemma 1. Let P1, . . . , Pn be n
patches of X satisfying the conditions i), ii), iii).
Let 1 ≤ i ≤ n. We have

diam(Pi) ≤ 2(R + s0) ≤ 4R.

Linear repetitivity implies there exists vi ∈ B4LR(0) such that

(X − vi)
⋂

BR+s0(0) = Pi.

Then by ii), there is ui ∈ Bε(0) satisfying

Q = (π(X − vi) + ui) ∩BR(0) = (π(X)− vi + ui) ∩BR(0),

where Q = π(X)∩BR(0) (observe that Q does not depend on i). This means
the set Q + vi − ui is a patch of π(X). As {vi − ui, 1 ≤ i ≤ n} is included
in B4LR+ε(0) and R > MX′ , Lemma 3 implies the number of elements in
{vi − ui, 1 ≤ i ≤ n} is bounded by

vol(B4LR+ε(0))

vol
(
B R

11L
(0)
) ≤ (55L2)d.

If n is greater than (55L2)d, then there exist i 6= j such that vi−ui = vj−uj ,
and ||vi−vj || < 2ε. This implies the patch (X−vi)∩BR+s0−2ε(0) is included
in the patch (X − vj) ∩ BR+s0(0) = Pj , which contradicts the condition
iii). �

The next result was proven in [Du1] for subshifts. We use it with Proposition
6 to conclude the proof of the main theorem.

Proposition 5. Let X be a linearly repetitive Delone set with constant L.
If π : (ΩX , Rd) → (ΩX′ , Rd) is a factor map such that X ′ is a non periodic
Delone set, then π is finite-to-one with constant (55L2)d.

Proof. Let X ′
0 ∈ ΩX′ . Suppose there exist n > (55L2)d elements X1, . . . , Xn

of ΩX , such that π(Xi) = X ′
0, for each 1 ≤ i ≤ n. Since they are all different,

there exists R0 > 0 such that for any R ≥ R0, the patches Xi ∩ BR(0) are
pairwise distinct.
Let 0 < ε < s0

2 and Rπ be the constant given by Lemma 4. Lemma 1
ensures that for any Y ∈ ΩX satisfying Y ∩ BR(0) = Xi ∩ BR(0), with
1 ≤ i ≤ n and R > max{R0, Rε + s0, Rπ + s0}, there exists v ∈ Bε(0)
such that (π(Y )− v) ∩BR−s0(0) = X ′

0 ∩BR−s0(0). This means the patches
X1 ∩BR(0), · · · , Xn∩BR(0) satisfy conditions i) and ii) of Lemma 4. Then
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we deduce there exist different i(R) and j(R) in {1, . . . , n} such that the
patch Xi(R)∩BR−2ε(0) is a sub-patch of Xj(R)∩BR(0). In other words, there
exists vR ∈ B2ε(0) such that Xi(R) ∩BR−2ε(0) = (Xj(R) + vR) ∩BR−2ε(0).
By the pigeonhole principle, there exist different i0 and j0 in {1, . . . , n}, and
an increasing sequence (Rp)p≥0, tending to ∞ with p, such that i(Rp) = i0
and j(Rp) = j0, for every p ≥ 0. By compactness, we can also assume that
(vRp)p≥0 converges to a vector v. Thus, for every p ≥ 0 we get

Xi0 ∩BRp−2ε(0) = (Xj0 + vRp) ∩BRp−2ε(0),

which implies that Xi0 = Xj0 + v and X ′
0 = π(Xi0) = π(Xj0 + v) = X ′

0 + v.
Since Xi0 6= Xj0 , the vector v is different from zero, but this contradicts the
non periodicity of X ′

0. �

The following proposition is a straightforward generalization of Lemma 21
in [Du1].

Proposition 6. Let (Ω, Rd) be a minimal Delone system and φ1 : (Ω, Rd) →
(Ω1, Rd), φ2 : (Ω, Rd) → (Ω2, Rd) be two factor maps. Suppose that (Ω2, Rd)
is non periodic and φ1 is finite-to-one. If there exist X, Y ∈ Ω and v ∈ Rd

such that φ1(X) = φ1(Y ) and φ2(X) = φ2(Y − v), then v = 0.

Proof. There exists a sequence (vi)i∈N ⊂ Rd such that limi→+∞X− vi = Y .
By compactness, we can suppose that the sequence (Y − vi)i∈N converges
to a point Y2 ∈ Ω. By continuity, we have φ1(Y ) = φ1(Y2), and φ2(Y ) =
φ2(Y2) − v. By compactness, we can suppose that the sequence of points
(Y2 − vi)i∈N ⊂ Ω converges to a point Y3. So we have φ1(Y2) = φ1(Y3)
and φ2(Y2) = φ2(Y3) − v. Hence we construct by induction a sequence
(Yn)n∈N ⊂ Ω such that φ1(Yn) = φ1(Yn+1) and φ2(Yn) = φ2(Yn+1)−v for all
n ≥ 1. Since the map φ1 is finite-to-one, there exist i < j such that Yi = Yj .
Then, we have

φ2(Yi) = φ2(Yi+1)− v = φ2(Yi+2)− 2v = . . . = φ2(Yj)− (j − i)v

= φ2(Yi)− (j − i)v.

Since (Ω2, Rd) is non periodic, we conclude v = 0. �

Remark. Following the lines of the proof of Proposition 6, this result can
be generalized to Zd or Rd actions, more precisely: Let G be Rd or Zd.
Let (X, G) be a minimal dynamical system and φ1 : (X, G) → (X1, G),
φ2 : (X, G) → (X2, G) be two factor maps. Suppose that (X2, G) is free and
φ1 is finite-to-one. If there exist x, y ∈ X and g ∈ G such that φ1(x) = φ1(y)
and φ2(x) = φ2(g.y), then g is the identity in G.

4. Number of factors of linearly repetitive Delone systems.

Let X be a Delone set having finite local complexity, and P = X ∩ BR(x)
be a patch of X. We define

XP = {v ∈ Rd : P + v is a patch of X}.
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Observe that 0 always belongs to XP . It is straightforward to check that
XP is a Delone set when X is repetitive. Furthermore, XP is a Delone set
having finite local complexity because of XP − XP ⊂ X − X. Then we
define the Voronöı cell of P associated to v ∈ XP as the Voronöı cell of
v + x ∈ XP + x. That is,

VP,v = {y ∈ Rd : ‖y − (x + v)‖ ≤ ‖y − (x + u)‖,∀u ∈ XP }.
Notice the Voronöı cell of P associated to v ∈ XP is the Voronöı cell of
v ∈ XP translated by the vector x.

Remark 7. It follows from the definition that a (r, R)-Delone set X satisfies
the following: for any x ∈ X, the diameter of the Voronöı cell Vx is smaller
or equal to 2R and B r

2
(x) is contained in Vx. If X is linearly recurrent

with constant L, Lemma 3 implies for every sufficiently large R and every
patch P = X ∩ BR(x) of X, the collection XP is a ( R

11L , 2LR)-Delone set.
Therefore, in this instance we have diam(VP,v) ≤ 4LR and B R

11L
(x + v) ⊆

VP,v, for every v ∈ XP .

In the next lemma, we bound the number of ways we can extend a given
patch P to a bigger one. More precisely, this gives an upper bound of the
number (up to translation) of R′-patches X ∩BR′(x), such that X ∩BR(x)
is a translated of P .

Lemma 8. Let X be a linearly repetitive Delone set with constant L, and
consider 0 < R1 < R2, with R1 sufficiently large. Then there are at most

n ≤ (44L2)d
(

R2
R1

)d
patches P1, · · · , Pn of X, up to translation, satisfying

for every 1 ≤ i ≤ n the following two conditions:
i) there exists vi ∈ Rd such that Pi = X ∩BR2(vi).

ii) (X − vi) ∩BR1(0) = (X − vj) ∩BR1(0), for every 1 ≤ j ≤ n.

Proof. Applying Lemma 3 to the identity factor map on (ΩX , Rd), we deduce
there exists MX > 0, such that for every R ≥ MX and x ∈ Rd, the distance
between two different occurrences of P = X ∩ BR(x) is greater or equal to
R/(11L).
Let MX ≤ R1 < R2 and n ∈ N. Suppose P1, · · · , Pn are patches of X
satisfying conditions i) and ii), and such that for every 1 ≤ i ≤ n,

iii) Pi is not a translated of Pj , for every j ∈ {1, · · · , n} \ {i}.
Condition i) and linear repetitivity of X imply for every 1 ≤ i ≤ n, there
exists wi ∈ Rd such that Pi + wi is a sub-patch of X ∩ B2LR2(0). From
condition ii) it follows that for every 1 ≤ i ≤ n, the point vi + wi is an
occurrence of the patch X ∩ BR1(v1) in the ball B2LR2(0). Finally, by the
choice of R1, conditions ii), iii) and Lemma 3, for every i and j in {1, · · · , n}
such that i 6= j, we get ‖vi + wi − (vj + wj)‖ ≥ R1

11L , which implies

n ≤ vol(B2LR2(0))
vol(B R1

22L

(0))
= (44L2)d

(
R2

R1

)d

,
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and achieves the proof. �

The following lemma is certainly well-known, but we did not find any refer-
ence. This shows that a Voronoi cell of a point x in a (r, R)-Delone set X is
completely determined by the points in X ∩B4R(x).

Lemma 9. Let X be a (r, R)-Delone set. Then for every x ∈ X one has

Vx = {y ∈ Rd : ‖x− y‖ ≤ ‖x′ − y‖, for every x′ ∈ X ∩B4R(x)}.

Proof. Let Cx = {y ∈ Rd : ‖x− y‖ ≤ ‖x′ − y‖, for every x′ ∈ X ∩B4R(x)}.
By definition of Voronöı cell, the inclusion Vx ⊆ Cx is direct.
Observe the set Cx is convex because is obtained as intersection of convex
sets. Now, suppose there exists y ∈ Cx \ Vx. Then there exist x′ ∈ X,
satisfying Vx∩Vx′ 6= ∅, and z ∈ ([x, y]∩Vx′) \Vx, where [x, y] is the segment
with extreme points x and y. Since ‖x− x′‖ ≤ 4R and ‖z − x′‖ < ‖z − x‖,
definition of Cx implies z /∈ Cx, which contradicts the convexity of Cx. �

Lemma 10. Let X be a non periodic linearly repetitive Delone set with con-
stant L. There exists a positive constant c(L) such that for every sufficiently
large R and every patch P = X ∩BR(x), the collection {X ∩ VP,v : v ∈ XP }
contains at most c(L) elements up to translation.

Proof. Let R be a big enough positive number, in order to apply Lemma 8
to R1 = R and R2 = 8LR.
Let x ∈ Rd, P = X ∩BR(x) and v ∈ XP . Since XP + x is a Delone set with
constant of uniform density equal to 2LR (see Remark 7), Lemma 9 implies
VP,v is completely determined by the patch X ∩B8RL(v + x). Furthermore,
the Voronöı cell VP,v is contained in the ball B4RL(v + x) (see Remark 7).
Then it follows there are at most as many Voronöı cells of P and patches of
the kind X ∩ VP,v, up to translation, as patches Q satisfying the following
two conditions: i) there exists w ∈ Rd such that Q = X ∩ B8RL(w) and ii)
w is an occurrence of a translated of P . These two conditions and Lemma
8 imply there are at most

c(L) ≤ (44L2)d

(
8LR

R

)d

= (352L3)d

patches of the kind X ∩ VP,v up to translation. �

We have already defined the notion of return vector of a patch, now let us
define the notion of return vector of a Voronöı cell of a patch. For a patch
P = X ∩BR(x) of X and v ∈ XP , we say that w ∈ Rd is a return vector of
VP,v ∩X if (X − w) ∩ VP,v = X ∩ VP,v. We set

Pn,w,v the patch (X − w − x− v) ∩BLnR(0).

Notice that Pn,w,v + v + w + x is a patch of X. When there is no confusion
about n and v, we write Pw instead of Pn,w,v.
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Lemma 11. Let n ∈ N and X be a non periodic linearly repetitive Delone
set with constant L. For every sufficiently large R > 0 and every R-patch
P , the collection {Pw : w is a return vector of VP,v ∩X} has at most c(n, L)
elements, for every v ∈ XP .

Proof. Let R1 = R and R2 = LnR be sufficiently large positive numbers in
order to apply Lemma 8. Let P = X ∩BR(x) be a patch of X and v ∈ XP .
Since XP + x is a Delone set with constant of uniform discreteness equal to
R

11L , the Voronöı cell VP,v contains the ball B R
22

(v+x). This implies for every
pair of return vectors u and w of VP,v it holds that Pw∩B R

22
(0) = Pu∩B R

22
(0).

Thus, from Lemma 8 it follows there are at most

c(n, L) ≤ (44L2)d

(
LnR

R
22L

)d

= (968Ln+3)d

patches of the kind Pw. �

Let n ∈ N. We call M(n, L) the number of coverings of a set with c(L)c(n, L)
elements, where c(L) and c(n, L) are the constants of Lemma 10 and Lemma
11 respectively.

Theorem 12. Let X be a linearly repetitive Delone set. There are finitely
many Delone system factors of (ΩX , Rd) up to conjugacy. Moreover, the
number of factors only depends on the linearly recurrence constant of X.

Proof. Let X be a non periodic linearly repetitive Delone set with constant
L > 1. Let n ∈ N be such that

(4.1) Ln − 1− 12L− 176L2 > 1,

and let R1 > 1 be a constant such that for every R ≥ R1, Lemma 10 and
Lemma 11 are applicable to R-patches of X.
For every 1 ≤ i ≤ M(n, L) + 1, let Xi be a non periodic Delone set such
that there exists a topological factor map πi : ΩX → ΩXi , and let X0 = X.
Let MXi be the constant of Lemma 3 associated to Xi.
Fix 0 < ε < 1. For every 1 ≤ i ≤ M(n, L) + 1, consider R

(i)
ε and s

(i)
0 the

constants of Lemma 1 associated to πi. We define

Rε = max
i
{R(i)

ε }, s0 = max
i
{s(i)

0 } and M = max
i
{MXi}.

Observe in an open ball of radius r/22L, there is at most one return vector
of a r-patch of Xi, with r ≥ M , for every 1 ≤ i ≤ M(n, L) + 1.
We take

R > max{Rε, s0,M + ε, R1, 45L},
Consider the patch P = BR(0) ∩ X, and v1, · · · , vN ∈ XP such that for
every v ∈ XP , there exist 1 ≤ i ≤ N and u ∈ Rd satisfying VP,v ∩ X =
(VP,vi ∩ X) + u. Roughly speaking, every set of the kind VP,v ∩ X is a
translated of some set VP,vi∩X. Since R > R1, Lemma 10 ensures N ≤ c(L).
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For every 1 ≤ j ≤ N , let wj,1, · · · , wj,mj be return vectors of VP,vj ∩ X,
chosen in order that for every return vector w of VP,vj ∩ X, there exists
1 ≤ i ≤ mj such that Pw is equal to Pwj,i . Since R > R1, Lemma 11 implies
that mj ≤ c(n, L), for every 1 ≤ j ≤ N . Therefore, the collection

F = {Pwj,l
: 1 ≤ l ≤ mj , 1 ≤ j ≤ N}

contains at most c(L)c(n, L) elements.
Let R′ be the constant given by

R′ = (Ln − 1)R− ε− 4LR.

The choice of n ensures that R′ > 0.
For every 1 ≤ i ≤ M(n, L) + 1, we define the following relation on F :

Pwj,l
RiPwk,m

if and only if for every X ′, X ′′ ∈ ΩX such that X ′∩BLnR(0) =
Pwj,l

and X ′′ ∩ BLnR(0) = Pwk,m
, there exist v ∈ B2ε(0) and w ∈ B4LR(0)

such that πi(X ′) ∩BR′(0) = (πi(X ′′) + v + w) ∩BR′(0).

Since LnR − s0 ≥ (Ln − 1)R ≥ R > Rε, from Lemma 1 it follows this
relation is reflexive, so non empty. Since the cardinal of F is bounded by
c(L)c(n, L), there are at most M(n, L) different relations of this kind. So,
there exist 1 ≤ i < j < M(n, L) + 1 such that Ri = Rj .
In the sequel, we will prove that (ΩXi , Rd) and (ΩXj , Rd) are conjugate. For
that, it is sufficient to show that if Y, Z ∈ ΩX are such that πi(Y ) = πi(Z)
then πj(Y ) = πj(Z).
Let Y and Z be two Delone sets in ΩX such that πi(Y ) = πi(Z). Without
loss of generality, we can suppose that 0 is an occurrence of P in Y and in
Z − u0, where u0 is some point in B4LR(0). The patches of Y and Z are
translated of the patches of X. This implies there exist 1 ≤ q0, r0 ≤ N such
that

Y ∩BLnR(0) = Pwq0,l0
and (Z − u0) ∩BLnR(0) = Pwr0,k0

,

for some 1 ≤ l0 ≤ mq0 and 1 ≤ k0 ≤ mr0

Claim 1: Pwq0,l0
RiPwr0,k0

.

Proof of Claim 1: Let X ′ and X ′′ be two Delone sets in ΩX such that
X ′ ∩BLnR(0) = Pwq0,l0

and X ′′ ∩BLnR(0) = Pwr0,l0
. Since R ≥ s0, R ≥ Rε

and

X ′ ∩BLnR(0) = Y ∩BLnR(0), X ′′ ∩BLnR(0) = (Z − u0) ∩BLnR(0),

By the choice of n and R, Lemma 1 implies there exits z1 and z2 in Bε(0)
such that

(πi(X ′) + z1) ∩B(Ln−1)R(0) = πi(Y ) ∩B(Ln−1)R(0), and

(πi(X ′′) + z2) ∩B(Ln−1)R(0) = πi(Z − u0) ∩B(Ln−1)R(0).
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Then we get

(πi(X ′′) + z2 + u0) ∩B(Ln−1)R−4LR(0)

=πi(Z) ∩B(Ln−1)R−4LR(0)

=πi(Y ) ∩B(Ln−1)R−4LR(0)

=(πi(X ′) + z1) ∩B(Ln−1)R−4LR(0).

Therefore

(πi(X ′′)+ z2 +u0− z1)∩B(Ln−1)R−4LR−ε(0) = πi(X ′)∩B(Ln−1)R−4LR−ε(0),

which implies that Pwq0,l0
RiPwr0,k0

.

Since Ri = Rj , from Claim 1 we get Pwq0,l0
RjPwr0,k0

.
Let s be any other occurrence of P in Y . Repeating the same argument for
Y + s and Z + s, we deduce there exist us ∈ B4LR(0) and 1 ≤ qs, rs ≤ N
such that

(Y + s) ∩BLnR(0) = Pwqs,ls
and (Z − us) ∩BLnR(0) = Pwrs,ks

,

for some 1 ≤ ls ≤ mqs and 1 ≤ ks ≤ mrs . Then from Claim 1 we get
Pwqs,ls

RjPwrs,ks
. This implies there exist ts ∈ B2ε(0) and ws ∈ B4LR(0)

such that

πj(Y + s) ∩BR′(0) = (πj(Z + s− us) + ts + ws) ∩BR′(0).

Claim 2: The vector ws − us + ts does not depend on s, i.e, there exists
y ∈ Rd such that ws − us + ts = y for every occurrence s of P in Y .

Proof of Claim 2: Let s1 and s2 be two occurrences of P in Y such that the
Voronöı cells of s1 and s2, with respect to set of occurrences of P in Y , have
common points in their borders. Since the diameter of these Voronöı cells
is smaller or equal to 4RL (see remark 7), we get ‖s1 − s2‖ ≤ 8LR. Then
Then

(πj(Z) + s1 + (s2 − s1)− us1 + ts1 + ws1) ∩BR′−8LR(0)
= (πj(Y ) + s1 + (s2 − s1)) ∩BR′−8LR(0)
= (πj(Z) + s2 − us2 + ts2 + ws2) ∩BR′−8LR(0).

This implies (−us1 + ts1 + ws1)− (−us2 + ts2 + ws2) is a return vector of a
(R′ − 8LR)-patch of πj(Z) + s2. Since

R′ − 8LR = R(Ln − 1− 12L)− ε ≥ R− ε > M,

Lemma 3 implies the non zero vectors of the (R′−8LR)-patches of πj(Z)+s2

have norm greater or equal to (R′ − 8LR)/11L. Thus, due to

‖ − us1 + ts1 + ws1 − (−us2 + ts2 + ws2)‖ ≤ 16LR + 4ε,
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and

11(16LR + 4ε) = 176L2R + 44Lε

< (Ln − 1− 12L− 1)R + 44Lε

= R′ − 8LR + ε−R + 44Lε

< R′ − 8LR + L−R + 44L < R′ − 8LR,

we deduce −us1 + ts1 + ws1 = −us2 + ts2 + ws2 , which shows Claim 2.

From Claim 2 we get there exists y ∈ Rd such that for every occurrence s of
P in Y ,

πj(Y + s) ∩BR′(0) = (πj(Z + s) + y) ∩BR′(0), and then

πj(Y ) ∩BR′(s) = (πj(Z) + y) ∩BR′(s).

From Remark 7, the diameter of the Voronöı cells of P is less than 4LR,
which is less than R′. Hence,

πj(Y ) = πj(Z) + y.

We conclude with Lemma 5 and Proposition 6. �

5. Example of a prime Delone systems

In this section we give an example of a prime Delone systems i.e., Delone
systems that do not have any non-trivial factor. The notion of prime topo-
logical dynamical systems was first introduced for Z-actions in [FKS]. In
[KN] they defined a family of prime R-actions. Using a result in [Ad] this
will provide the example we are looking for.
Let (α, β) ∈ (0, 1)2. The circle sequence corresponding to the parameters
(α, β) is the sequence x = (xn)n∈Z defined by un = 1 if {nα} belongs to [0, β)
and 0 otherwise. Let Xα,β be the orbit closure of x with respect to the shift
map T : {0, 1}Z → {0, 1}Z, (xn)n 7→ (xn+1)n, where {0, 1}Z is endowed with
the product topology of the discrete topologies. Then (Xα,β, T ) is a minimal
subshift. We call it the circle subshift corresponding to the parameters (α, β)
(it is called circle map subshift in [AD]).
In [AD] the authors characterized circle subshift that are linearly recurrent
using a continued fraction algorithm and in [Ad] the author shows that a
circle sequence corresponding to the parameters (α, β) is a primitive sub-
stitutive sequence if and only if they belong to the same quadratic field.
We recall that primitive substitutive sequences are known to be linearly
recurrent (see [DHS]).
Now consider the function g : Xα,β → {a0, a1} ⊂]0,+∞[ defined by g(x) =
ax0 such that a0/a1 does not belong to {k1 + nα)/(k2 + nα) : k1, k2, n ∈ Z}.
Let us construct the suspension of (Xα,β, T ) with respect to g. Set

Y ′
α,β = {(x, t) : x ∈ Xα,β, 0 ≤ t ≤ g(x)}

and Yα,β be the space obtained from Y ′
α,β by identifying pairs (x, g(x)) and

(T (x), 0). We defined Sα,β the R-action on Yα,β by :
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((x, s), t) = (Tnx, s + t− gn(x)) if − s + gn(x) ≤ t < −s + gn+1(x)

where gn(x) =
∑n−1

k=0 g(T kx) for n > 0, gn(x) = −
∑−n

k=−1 g(T kx) if n < 0
and g0(x) = 0.
In [KN] it is proven that this R-action is prime : it does not have any
non-trivial factor whenever β does not belong to αZ.
Now take α to be the golden mean, β = α + 1, a0 = 1 and a1 =

√
2. Then,

(Xα,β, T ) is linearly recurrent and (Yα,β,Sα,β) is prime.
It remains to show that (Yα,β,Sα,β) is topologically conjugate to a linearly
repetitive Delone systems. Let (x, t) ∈ Yα,β and set

D(x, t) =

({
n−1∑
k=0

g(T kx) : n ≥ 0

}⋃{
−

−n∑
k=−1

g(T kx) : n ≤ −1

})
− t

(remark it is well defined). It can be checked that this set is a linearly
repetitive Delone set and (D(Yα,β), R) is a linearly repetitive Delone systems.
To conclude it suffices to see that D induces a topological conjugacy from
(Yα,β,Sα,β) to (D(Yα,β), R).
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Picardie Jules Verne, where part of this work was done. FD would like to
thank the hospitality of Departamento de Matemática y Ciencia de la Com-
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