UPPER REGULARIZATION FOR EXTENDED SELF-ADJOINT
OPERATORS

HENRI COMMAN

ABSTRACT. We show that the complete lattice of R-valued sup-preserving
maps on a complete lattice G of projections of a von Neumann algebra M,
is isomorphic to some complete lattice M% of extended spectral families in
M, provided with the spectral order. We get various classes of (not necessar-
ily densely defined) self-adjoint operators affiliated with M as conditionally
complete lattices with completion M%, extending the Olson’s results. When
M is the universal enveloping von Neumann algebra of a C*-algebra A, and
G the set of open projections, the elements of M% are said to be extended
g-upper semicontinuous, generalizing the usual notions. The g-upper regular-
ization map is defined using the spectral order, and characterized in terms
of the above isomorphism. When A is commutative with spectrum X, we
give an isomorphism II of complete lattices from R” into the set of extended
self-adjoint operators affiliated with M. By means of II, the above charac-
terizations appear as generalizations of well-known properties of the upper
regularization of R-valued functions on X. A noncommutative version of the
Dini-Cartan’s lemma is given. An application is sketched.

1. INTRODUCTION

The spectral order has been first considered by Olson ([15]), and next appears
in various contexts ([3], [4], [13]). In noncommutative topology, and by means of
spectral projections, L. G. Brown defines a notion of semicontinuity for self-adjoint
operators in the universal enveloping von Neumann algebra A” of a C*-algebra A,
the so-called g-semicontinuity; the usual notion for bounded functions on a locally
compact Hausdorff space X is recovered by taking A commutative with spectrum
X. Brown observes that in general, the g-lower semicontinuity is not preserved
by strongly increasing nets ([6], pp. 905). However, since the g-semicontinuity is
defined spectrally, it is natural to work with it by considering the spectral order, and
particularly the fact that the self-adjoint part of a von Neumann algebra provided
with this order is a conditionally complete lattice; as an immediate consequence,
the above drawback disappears since the join for the spectral order of any bounded
family of g-lower semicontinuous operators is g-lower semicontinuous. It is easy
to see that for A completely o-unital, the open projections can be equivalently
defined via the spectral order in place of the usual one; moreover, each g-lower
semicontinuous operator is the join of some set in the self-adjoint part of A, where
A is the unitization of A. So, the g-semicontinuity seems to behave particularly
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well with the spectral order. We then can hope to extend somewhat more involved
properties of functions related to semicontinuity and order.
The aim of this paper is to extend to general C*-algebras, the essential properties

of the upper regularization map f — f defined on the set rX of [—o0, +o00]-valued
functions on X, where f denotes the least upper semicontinuous function greater
than f. In fact, these properties will be generalized even in the commutative case.

In order to handle the case where f takes infinite values, we introduce in Section
2 the notion of extended self-adjoint operator affiliated with a von Neumann algebra
M (Definition 2.1). Let P denote the set of projections of M, and G C P be a
complete lattice containing the identity operator, and in which the joins coincide
with the joins in P. The set M% of extended self-adjoint operators x satisfying
E]’ioo’ A € G for all reals A\, provided with the spectral order is then a complete

lattice. More precisely, Theorem 2.3 gives an isomorphism 9 of partially ordered
set between M% and the complete lattice Sup(G,R) of R-valued sup-preserving
maps on G, provided with the usual order on functions (we shall write simply
when G = P). As a direct consequence, M%QM is a conditionally complete lattice

(recovering the Olson’s result with G = P) for which M% is a completion. Other
conditionally complete lattices are obtained by requiring the extended spectrum to
be in a given set (Corollary 2.4).

In Section 3, we take M = A" and G the set of open projections. The elements of
A" % are said to be extended ¢-upper semicontinuous, generalizing the usual notions.

Since A" % is a complete lattice, we can define the g-upper regularization T for any
x € A”g in a natural way (Definition 3.1). The map = +— T is a closure operator
which extends the one defined by Akemann on projections (Proposition 3.2); it is
then characterized in terms of v and 99 in Theorem 3.3, and Theorem 3.4 looks
like a Dini-Cartan’s lemma.

In Section 4, we prove that the two above theorems are not only formal analogues
of classical results for functions, but true generalizations. For this purpose, we
study in detail the case where A is commutative with spectrum X. Theorem 4.2

—X
gives an isomorphism of complete lattices II from R™ into A"y satisfying all the

required properties, and in particular TI(f) = TI(f) for all f € r*. Then, taking
A commutative in Theorem 3.3, the properties of the upper regularization map are
recovered by restriction on the image of II and using the above equality (Corollary
4.4). The Dini-Cartan’s lemma is obtained as the commutative case of Theorem
3.4 (Corollary 4.5).

In Section 5, the properties of the g-upper regularization map are used to obtain
a noncommutative version of a basic result in large deviation theory.

1.1. Notations and background material. Throughout the paper, A is a C*-
algebra considered as a C*-subalgebra of its universal enveloping von Neumann
algebra A”. A projection p € A” is open if there is an increasing net in the positive
part of A converging strongly to p. A projection p € A” is closed if 1 — p is open,
where 1 is the unit of A”. A closed projection p is compact if there is a positive
x € A such that p < z. The join of any set of open projections is an open projection.
Let = be a self-adjoint operator on some closed subspace of the universal Hilbert
space, and affiliated with A”. Then, z is g-upper semicontinuous if E]“’_ 0,A[ is open

for all reals A\, where {EY; A € R} is the spectral family of = ([6], [14]).
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A complete (resp. conditionally complete) lattice L is a partially ordered set
(poset) in which every subset (resp. bounded subset) S has a join \/L S, and a
meet /\L S. Let L'’ C L be two complete lattices, and S C L’; by convention,
we write \/ S for \/L S. An isomorphism of posets is an order preserving injective
map with order preserving inverse. Let L be a complete lattice, and L' C L. In
general, the joins or meets in L’ do not coincide with the ones in L, even when L’ is a
complete lattice; however, \/L/ S > \/L S for any S C L’ having a join in L’. A map
v : L' — L between complete lattices is sup-preserving if v(\/ S) = VV/{y(z);z € S}
for all sets S C L’; the image of such a map is a complete lattice in which the joins
coincide with the joins in L; the set Sup(L’, L) of such maps is a complete lattice.
Any surjective isomorphism of complete lattices is sup-preserving. We refer to [5]
and [11] for more details.

2. COMPLETE LATTICES OF EXTENDED SELF-ADJOINT OPERATORS

We introduce here the notion of extended self-adjoint operator. By means of
suitable isomorphisms, we identify complete lattices of such operators with complete
lattices of sup-preserving maps (Theorem 2.3). The generalization of Olson’s results
is a direct consequence (Corollary 2.4).

Definition 2.1. Let M be a von Neumann algebra acting on some Hilbert space
‘H, and P the set of its projections. An extended self-adjoint operator x affiliated
with M is a continuous from the right family {E; A € R} C P. The extended self-
adjoint part of M is the set Mg of all such operators provided with the spectral
order: x <y if EY > EY for all reals A. The spectrum of x is the set o(x) of reals
A such that EY__ # EY,_ for all ¢ > 0. The extended spectrum og(z) is the set
o(x) to which is added —oo (resp. +00) if 0 # Ay g £5 (resp. 1 # \/ g £5). An
element x € My is bounded if o(x) C [—a,a] for some real a.

The above definition of the spectral order extends the one for bounded self-
adjoint operators; this order coincides with the usual order on P and on commuting
elements of M ([15]).

Let us introduce some notations. For any x € Mg and all reals a < b, we
put E]w—oo,b[ = vu<bElzt’ E]a;l,b[ = E]I—oo,b[ A (1 - Etazj)? E]a;,b] = Eg: A (1 - E(alv)’
E]’Z#OO[ =1-FE, EF =1-E° The elements  + al and —z in My are

la,+oo] ]—o0,al"
respectively defined by Eff“l =FE{_,and B, = E[{)\’Jroo
sets G C P and L C R, we denote by M% the set of elements z € Mg such that
Ef” 5 € G for each real A, and og(z) € L. We shall omit the symbol G when
G="P.

Then, r € M)_ 4 if and only if there exists a self-adjoint operator T}, on some
closed subspace H, C M; note that E¥(H) = E}*(H,) for each real \; in particular,
T_, =T, and o(z) = 0(T;). By Lemma 2.2, it is easy to see that x € Mg 4o
if and only if T}, is positive; in other words, Mg o] = {7 € Mg; VA < 0, E{ = 0}
is the extended positive part of M in the sense of Haagerup ([12], Theorem 1.5);
xr € My if and only if H, = H, that is Mg is the set of self-adjoint operators on
‘H affiliated with M; z is bounded if and only if H, = H and T}, is bounded, that
is the bounded part of Mg is the self-adjoint part of M. In the rest of the paper,
we identify x with T, for any z € Mj_ ;oo

[ for all reals A. For any
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Lemma 2.2. Let ¢ : Mg — R” defined by ¥(z)(p) = inf{\ € R;p < E}}. For
each x € Mg, p € P, and Ao € R, the following properties hold:

(a)
(2.1) sup{A € R;Ve > 0,pEj\ _, ;1 # 0} < ¥(z)(p).

If Y (x)(p) is finite, then the equality holds, the L.H.S. is a mazimum, and
the R.H.S. is a minimum; if moreover p = EY , then p = Ei(
Y(z)(p) = min{u € R;p = Eﬁ} If ¥(x)(p) > —oo, then ¥(x)(p) = inf{\ €
o(z);p < ES}, which is a minimum if ¢ (z)(p) is finite.

(b) Xo € o(x) if and only if Y(x)(ES,) = Ao. Moreover, o(x) = 0 if and only if
Y(x) is {—o0, +oo}-valued.

(c) The following statements are equivalent:
(i) x e M
(ii) w(m)lp\{o} is real-valued and bounded.
(iii) w(x)lp\{o} is o(x)-valued and bounded.

(d) For any G C P and each x € M%, Y(z)(p) = infy>p qeq ¥()(g).

(e) ¥(z + Al) = ¢(x) + Ao, and ’(/J()\Ox)lp\{o} = )\Ow(x)lp\{o} if moreover
Ao >0 and z € M.

Proof. (a) Let [ and r denote respectively the L. H. S. and R. H. S. of (2.1). Since
{E%; A € R} is continuous from the right, = is finite implies p < E¥ and r is a
minimum. Suppose that 7 < [. There exists a real A such that r < A < [ and

]z)E]"’f\_8 Ae] # 0 for all ¢ > 0, which implies p £ EY__ for all ¢ > 0, and the
contradiction if r = —oo; if 7 is finite, then p < EY < EY__ for ¢ sufficiently small

gives the contradiction; thus, (2.1) holds. Suppose that r is finite. If [ < r, then
PE} . riep) = 0 for some g9 > 0, and p < E7__| (since p < EY, . ) contradicts
the definition of r; thus [ = r; if [ is not a maximum, then pEﬁ;EO leo] = 0=
pE]”fu60 rteo] for some €9 > 0, and p < E* (since p < E¥) contradicts the

T—E€oQ
definition of r; if moreover p = EY , then
Y(z)(p) = min{p € R;p < B} <inf{u € Rip= E} < Ao,
p)» Whence ¥(z)(p) = min{y € R;p = Ej}. The last

assertion is a direct consequence. The proofs of (b), (¢), (d) follow easily from (a),
and are left to the reader. ]

which implies p = Efz(w)(

When L C R has a bottom element 0, we define 4§ : MY — L9 by ¥ (2)(p) =
inf{\ € o(x);p < E{} if ¥(x)(p) > —oo (where ¢ is the map of Lemma 2.2), and
Y9 (x)(p) = Or, otherwise. Since ¢§u{_ (z) = ¢(z))g for all z € MY by Lemma
2.2, we have in particular % = 19; we then shall omit the symbol G (resp. L) when
G =P (resp. L =R).

oo}

Theorem 2.3. Let G C P be a complete lattice containing 1 in which the joins
coincide with the joins in P, and let L C R be a nonempty compact set. Then,
(a) MY is a complete lattice.
(b) 1/)% is an isomorphism of complete lattices from M% onto Sup(G, L).
(c) For each v € Sup(G,R) and each real \, we have E;wg)_l(w = N\ B
where E;, = \/{p € G;7(p) < u} for each real pu.
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Proof. First step: the case L = R. Let v € Sup(G,R). For each real yu, we define
the projection Ej, = \/{p € G;7(p) < p}. Then, E < E] when p; < o, and the
family {Ex = A~ E,;; A € R} is a continuous from the right family of projections
in M. For each A, p, € in R with A — e < p < A, we have E)\_. < EL < Bl
so that E] oo a = V,cn B, € G. Put #9(y) = {Ex;\ € R} and get a map
#9 : Sup(G,R) — M% Note that for each x € M%, the following properties hold:

(i) p < Ejg (,)p for all p € G with ¥9(x)(p) € R (by Lemma 2.2).

(ii) 1/19(w)(E]””_007/\[) < A for each real A (wg(x)(E]‘”_ooA[) is well defined since

ze M)

Let z = {E{; A € R} € M% and {p;;i € I} C G. Since 19 (z) is clearly increasing,
we have 9 (z)(\,;c; pi) > sup;e; ¥9(x)(pi), and to prove the converse inequality,
we can assume sup;c; 9 (z)(p;) € R. By (i), pi < EY6 (1) (pyy for all i € I, and so
VierPi < ELy, oy BY (), 09(@) (Vier pi) < 09 @) (B G 40 o)sel)
Supses $9(2)(pr) + ¢ for all & > 0, 50 that ¥9(2)(Vse ps) < supse; 9°(2)(ps) and
¢9(x) € Sup(G, R).

We will prove that v = 19 o ¢9(y) for all v € Sup(G,R). Let v € Sup(G,R),
p€Gand ¢9(y) = {Ex; X € R}

We first show that v(p) > 99 o ¢9()(p). We can suppose vy(p) < +oc, which
implies inf{\ € R;p < E\} < +00. Let A € R such that p(Ex;c — Ex_.) # 0 for
all e > 0. Then p £ Ex_., and therefore p £ E{__ which implies v(p) > X — ¢ for
all e > 0. Thus, y(p) > A, and v(p) > ¥9 0 ¢9(7)(p) by Lemma 2.2.

We show now that v(p) < 19 o ¢9(v)(p). Suppose that v(p) = +oco and 99 o
#9(7)(p) < +oo. Then, p < E) < N B}, for some real A with y(E),) < p, which
gives the contradiction. Thus, v(p) = +oc implies 99 o ¢9(v)(p) = +oco. Suppose
that 19 0 ¢9(7)(p) < v(p) < +o0, and note that v(p) € o(¢9(7)) (otherwise, there
exists ¢ > 0 such that E,)_. = E,p)4e; let py, po such that y(p) —e < 1 <
v(p) < p2 < y(p) + ¢, and obtain E . < E), < E, < E ). which implies
B, =E,; but p < E, , and y(E], ) < p implies p £ Ej, , which gives the
contradiction). By Lemma 2.2, we have p(E,(p)+or — Ey(p)—er) = 0 for some &’ > 0,
with E,y(p)+5/ - Ew(p)—s’ 7& 0. Since p < E'/y(p)+e’ < E,y(p)+5/, we get P < E’Y(p)—é‘"
Choose p with v(p) — &’ < pp < y(p) and obtain y(p) < v(E],) < p, which gives the
contradiction. Thus, v(p) < ¥9 o ¢9(¥)(p).

We prove now that 19 is injective. Let 21 and x5 in M% such that v = ¢9(z1) =
Y9 (xo). If ’y(E]szOAJFE[) > —o0, then ’y(E]xjoo’)\H[) € R and for each real A and
e > 0, we have

E"

T2
]—o0,A\+¢[ S E pn

, < EY?
’Y(E]focjers[) -

Ate

by (i) and (ii), which gives EY' < E§? by right continuity; since EY' < EY? if

V(E]Ijoo,,\ﬂ[) = —00, in any case we have E{' < E7?, and by symmetry E}' = E}2.
We have proved that 49 is a bijection from M% to Sup(G,R), and (c) holds; (a)

and (b) will follow once proved that 19 is a poset isomorphism. Let z; and x5 in

M% Suppose that 19 (z1) < 9 (z3). For all reals A and £ > 0, we have

W) (B ) < 09 (@) (B ) S A+e

<
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by Lemma 2.2 applied to ¢(zg). If ¢g(x1)(E]xfoo,A+s[) = —00, then E]zfoo,/\_%[ <

E{' and E3? < EY'. If wg(xl)(Effoo’/\JrE[) > —o0, then by Lemma 2.2 applied to

19 (x1), there is some real \’ such that E]””_ZOO,A_FE[ < EY} and 9 (zl)(Ef_zoo7)\+€[) =
N, which implies

E]zfoo,k—i-a[ < Ei’l < E]m—loo7/\+e[’
and EY? < EY' by right continuity, i.e. z; =< z2. Suppose that z; < x2 and
Y9 (x2)(p) < ¢9(x1)(p) for some p € G. By Lemma 2.2, there exists a real A such

that p < E{* and

(2.2) V9 (w2)(p) < A < 99 (21)(p)-
Since x1 < x2, we have p < E{? < EY' and ¥9(x1)(p) < A, which contradicts (2.2);
thus 71 =< x5 implies ¥9(z1) < 19 (z2). The theorem is proved when L = R.

Second step: the general case. Put L_ = L U {—oo}. Since the nonempty joins
in L coincide with the nonempty joins in R, Sup(G,L_) C Sﬂlp(@@), and since
any set in Sup(G, L_) has a join (which is the join in Sup(G,R)), Sup(G,L_) is a
complete lattice; consequently, (¢9)~!(Sup(G, L_)) is a complete lattice. For each
v € Sup(G, L_), v = ¢9(x) for some x € M% by the preceding case. Let A € o(z).
By Lemma 2.2 (b) and (d), we have

A= _inf = inf g
il ¥ = jnf CvE(@)(a),

so that A € L since ¢9(z)(q) € L. If 400 € og(z), then 99 (2)(1) = ¢(z)(1) =
400 € L. Tt follows that oz(2) C L_, hence (¢»9)~!(Sup(G,L_)) € MY . Since
wg(x)lg\{o} = ¢(x)|g\{0} is og(w)-valued for each z € MY by Lemma 2.2, we
have 19(M$ ) C Sup(G,L_), so that (¢9)~1(Sup(G,L_)) = MY . Therefore,

(a) and (b) hold for L_ since ¢¢ = wlgMg . It remains to prove the case where
L_

—oco ¢ L. Put Sup(G,L_) = {~v € Sup(G,L_);Vp # 0,7(p) € L}. It is easy
to verify that the map A : Sup(G,L_)" — Sup(G, L) defined by A(y)(p) = ~v(p)
for p # 0 and A(v)(0) = 0, is a surjective poset isomorphism with converse map
A=Y(v)(p) = y(p) for p # 0 and A~1(y)(0) = —oo; in particular, Sup(G,L_)" is
a complete lattice. Note that w% =Ao wlgM%. For each x € M%, 1/Jg(x)‘g\{0} is
L-valued, and so 99 (x) € Sup(G, L_)’ since 99 (z) € Sup(G, L_). Conversely, each
v € Sup(G, L_)" has the form v = 19 (z) for some x € M%J but x € M% since

9 (x)|g\{o} is L-valued. Therefore, wlgMg is a poset isomorphism onto Sup(G, L_)’;
L

M% is then a complete lattice, and 121% an isomorphism of complete lattices as a
composition of such maps. This proves (a) and (b) for L. O

In [15], M. P. Olson has shown that the self-adjoint part of M (i.e., Mg N M)
is a conditionally complete lattice, in which the joins and meets of a bounded set
{z;;1 € I} are given respectively by the first and second equality of (b). These
results are recovered in the following corollary by considering the bounded part of
M}ga,b[ with a = —00, b =+00, and G = P.

Corollary 2.4. Under the same hypotheses as Theorem 2.3, we have:

(a) Any isomorphism from L onto R induces an isomorphism from M% onto
M% If L = [a,b] with a,b in R, then ./\/l]ga b ./\/l]ga o ./\/l[% b and their
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respective bounded parts are conditionally complete lattices, in which the
nonempty joins and nonempty meets coincide with the ones in M% In
particular, M% is a completion for M]%,b[? ./\/l[g_oo,b[, /\/l]g(l,+oo],
their respective bounded parts.

(b) For any set {x;;i € I} C Mg and each real X,

E/\\/ielwi — /\ E§i7 E/\’LEI"EL — /\ \/ qu EA1€I$L \/ % oAl
i€l pu>Aiel i€l
(c) For each x € Mg,

x = /\x\/alz \/x/\blz \/ /\((x/\bl)\/al)z /\ \/((a:/\bl)\/al).

acR beR beR acR acR beR
(d) M%()J} = {1 —pip €< g}

Proof. (a) Any isomorphism h from L onto R induces an isomorphism from Sup(G, L)
onto Sup(G,R) defined by h o y(p) for all v € Sup(G,L) and p € G; the first as-
sertion follows then from Theorem 2.3. Now, suppose L = [—00,400]. For each
bounded subset S C /\/lﬂ%, AS and \/ S exist in M% withx X AS VS =2y for
some z and y in /\/l that is w(x) <PYAS) < YP(VS) < ¢(y) by Theorem 2.3.
Then, /\AeR = /\AeR = 0 and \/AERE,/\\S = Vier Eys = 1, and the
second assertlon holds for /\/lg Replace Mg by /\/lg N M in the above proof, and
get NS € M N M and VS € M N M since for any z € Mg, ze MN M if
and only if 9(z )IP\ (0} is real-valued and bounded by Lemma 2 2; this proves the

and for

second assertion for M% N M. The others cases are proved similarly by noting that
A € og(z)\{+oo} if and only if 9(z)(p) = A for some p € P\{0}, and +oo € o()
implies 9(z)(1) = +o0o. The last assertion follows by noting that when it exists,
the top (resp. bottom) element of any of the mentioned lattices coincides with the
one of M%

(b) Let A € R. Since ¢ (z;)(N;c; EY') < Moralli € I, we have (\/ o, i) (\;c; EY') <
A, and so A\, B} < (EVier 1), for all g > A by Theorem 2.3, which implies
Nicr BEX* < E;/ie’ “*and the first equality holds (the converse inequality is obvi-
ous). Define z € Mg by Ef = A=, Vie; Ei'; and note that E5 >\, ; EY', and
ES < Ve B for all reals p > A. Then, E/\“’xl > V,er EX

/\u>A E,/L\’GI > Vier By, and E{}’EI > Vier Ef¢ implies Ei\lefmi > Ej3, that
is \;c; i = 2, and the second equality holds. For each y < A and each i € I, we
have by the second equality,

Eil < El/}iefri — /\ \/Ef‘ < /\ \/Elg/cL = \/E]Qioov)\[’

i€l
is equivalent to

v>uiel p<v<Xiel iel
so that A A
Ti Tq _ ier i ier Ti
VVE:=VEr =V B =B
1€ p<A icl pn<A

and the third equality holds.
(¢c) By (b), we have ExV*! = E if u > a, and E;¥*" = 0 if pu < a, which implies

(23) aeR zVal /\ \/ Ez\/al Eﬁ,

v>p a€R
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: : Al __ T zAbl __ :
and tile first equality holds. Since E""" = EJ if p < b, and E;""" = 11if p > b,
we ge

(2.4) BN =\ B2 = B
beR
and the second equality holds. Put y = 2 A b1, and get by (2.3) and (2.4),

pYresNecsVal) _ A phecsVel) _ A pu _ pr.
beR beR

so that the third equality holds. The last one is proved similarly since (zAbl)Val =
(x Val) ADL.
(d) Clearly (1 _p;pegy is injective with values in Sup(g, {0,1}). Let v € Sup(G, {0, 1}).
Define po = \/{p € G;~v(p) = 0} and note that py € G with y(py) = 0. For each
p € G, ¥(1 —po)(p) = 0 if and only if p < pg if and only if y(p) = 0, hence
Y(1 —po) = v and Y|{1_p;pegy 1S surjective. O

3. EXTENDED g-SEMICONTINUITY AND @¢-UPPER REGULARIZATION

In this section, we take M = A" the universal enveloping von Neumann algebra
of a C*-algebra A, and G the set of open projections. We define the g-upper regular-
ization map, and study its properties via the isomorphisms v and ¢9 (Theorems 3.3
and 3.4). These ones look like noncommutative versions of well-known properties
for functions; we will show in the next section, that there are true generalizations,
and not only formal similarities.

Note that = € A"f (resp. x € A”% N A”) if and only if z is a unbounded

[—o0,+00]
(resp. bounded) g-upper semicontinuous operator in the sense of [14]. Since A”%
is a complete lattice by Theorem 2.3, we can give the following definition.

Definition 3.1. Let € A”g. Then, z is extended q-upper semicontinuous (resp.
extended g-lower semicontinuous, extended q-continuous) if x € A”% (resp. —x €

"g
A”%, x € A”% and —z € A”%). The element 7 = A #{y € A”%;y = x} is the

q-upper reqularization of x.

The closure of a projection p € P has been introduced in [1] as the least closed
projection greater than p; it coincides with p as shows the next proposition (note
that A" %0,1} is the complete lattice of closed projections by Corollary 2.4). More-
over, the meet in A"y of any family of extended g-upper semicontinuous operators
is extended g-upper semicontinuous, so that x < Z, and the map x — 7 is then a
closure operator on A”g. The next proposition following easily from Corollary 2.4,
the proof is left to the reader.

Proposition 3.2. For any S C A”%, if the meet of S exists in one of the following

lattices: A"D%, A”D% nA", A”%o;}f A'r, A" N A", A1y, then it exists in any

other containing S, and coincides with the meet of S in A”%

The following theorem gives various characterizations of the g-upper regular-
ization map, in terms of ¢ and @_/Jg. We will prove in Corollary 4.4 that they
are generalizations (even in the commutative case) of well-known characterizations
of the upper regularization of R-valued functions on a locally compact Hausdorff
space.
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Theorem 3.3. For each x € A" and each p € P, the following properties hold:

(i) T is the unique extended q-upper semicontinuous operator y satisfying
(3.1) ¥4 (y) = ¥(2)|g;

(i) 7 = Vv € A5 0(0)g = v(@)e}:
(iii) ¥ (T)(p) = infg>p qeq ¥ (2)(q)-
Proof. Let x € A”g. Since the join in P of any family of open projections is an open
projection, ¥(z);g € Sup(G,R), and (¢9)7'(¢(z)g) € A”% by Theorem 2.3. Put
zo = (¥9)71(¢(2))g). By Lemma 2.2 (d), we have 1(z0)(p) = infy>p 4cg ¥ (x0)(q)
for all p € P, and since 99 (z0)(q) = ¥ (z)(q) for each ¢ € G, it follows that
U(xo)(p) > ¥(x)(p), i.e. g = = by Theorem 2.3. For all z € A”% with z = z, we
have ¢9(z) = (z)g > ¥(z)g, and so (¥9)~' o ¢9(2) = z = xy. We then have
To = T so that
(3.2) V9 (T) = p(x)g,
and T satisfies (3.1). If y € A”% satisfies (3.1), then y = 7 = (¥9) 7 (¥(y))g) =
(¥9) "' (¥(x);g) =T by (3.2), and (i) holds. Put z = \/{y € A"g;¥(y);g = ¥ (2)ig}-
By Theorem 2.3, ¥(z)(q) = sup{v(y)(q);y € A'g,¥(y)ig = ¥(x)g}, so that
Y(2)|g = ¥(x)|g, which gives Z = T by (i). Apply (3.2) to z, and get Z = z by defini-
tion of z since Z >~ z, which gives (i7). For each p € P, ¥(Z)(p) = inf;>p 4eg ¥ (T)(q)
by Lemma 2.2 (d), and since ¥(T) g = 1 (x)|g by (i), (ii7) holds. O

The following theorem is a noncommutative version of the Dini-Cartan lemma
([9]), as will establish Corollary 4.5. Suppose A unital, and let (z;);c; be a decreas-
ing net (with respect to the spectral order) of bounded g-upper semicontinuous
operators satisfying A;.;x; = 0. Since ¥ (x)(1) = ||z|| for all € A”r N A by
Lemma 2.2 (a), (3.3) with p = 1 gives infes ||2;|| = 0. If moreover each z; = p;
is a projection (and thus a compact one), we get p;, = 0 for some iy € I, and we
recover a well known result of Akemann ([1], Proposition II. 10).

Theorem 3.4. Let (z;)ic; be a decreasing net of extended g-upper semicontinuous
operators. Then, for all compact projections p commuting with all the E" (i €
I,) € R), we have

(3.3) W\ i) (p) = inf 9 (a:)(p).

/ i€l
i€l

Proof. By means of an increasing homeomorphism from [0,1] onto R (which is a
surjective isomorphism of complete lattices), we can suppose {z;;i € I} C A” [go,l] by
Corollary 2.4. Put z = A\,_; x;, and let p € P. Clearly, ¥(x)(p) < infierp(2;)(p).
Suppose ¥ (z)(p) < s < inf;er ¢ (x;)(p) for some real s. Then,

(3.4) inf{A e R;p < E{} <s< %ginf{/\ eR;p<EY}

and so there exists areal A < s such that p < EY. Since Eﬁ\,+m[ = \/#>)\ Nicr B

Jp,400[
by Corollary 2.4, we have pA A\ Eﬁ+oo[ = 0 forall u > X, hence pAA,¢; E[gi‘i,-i-oo[ =

iel
0 by taking p < s. If p is compact, then p A EF:‘:_OO[ =

sition 1.1.2), that is pE[i’:‘jroo[ = 0 if moreover p commutes with all the E{". But

(3.4) implies p £ E5 and the contradiction. O

0 for some x;, ([2], Propo-
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=X
4. AN OPERATOR-THEORETIC REPRESENTATION FOR R

The aim of this section is to prove that the properties of the g-upper regular-
ization map given in the preceding section generalize the classical ones; that is,
properties for functions on X must be recovered by taking A commutative with
spectrum X in Theorems 3.3 and 3.4; this will be obtained in Corollaries 4.4 and
4.5. For that purpose, we need to represent any R-valued function on X as a true
operator in such a way that this representation (say II) coincides with the known
notions of g-upper semicontinuous operators (bounded or unbounded), and satisfies
TI(f) = I(f); this is achieved in Theorem 4.2, where moreover II is an isomorphism
of complete lattices enjoying good properties (see (i), (iii)).

Let Co(X) be the C*-algebra of continuous functions vanishing at infinity on a
locally compact Hausdorff space X, and A its universal representation. The set of
all (resp. open, closed) subsets of X is denoted by P(X) (resp. G(X), F(X)). The
set of R-valued (resp. [—oo, +oo[-valued) upper semicontinuous functions on X is
denoted by USC(X,R) (resp. USC(X, [—00,+00[)), and its R-valued bounded part
by USC(X,R)y.

Let us recall some basic facts. Let M; be the set of regular probability mea-
sures on X. For each p € M;, we define m, : L>®(X,u) — B(L*(X,u)) by
(mu(f)g) () = f(t)g(t) (where B(L*(X,pn)) denotes the set of bounded linear op-
erators on L?(X,pu)), and put mg = @“eMlﬂ“lﬂ#eMl Loo (X Then, A” is the
strong closure of 7 (Co(X)) in B(®uenm, L?(X,pn)), and mg(f) is g-upper (resp.
g-lower) semicontinuous if and only if f is upper (resp. lower) semicontinuous;
in particular, a projection p € A” is closed (resp. open, compact) if and only
if p = mg(ly) for some closed (resp. open, compact) set ¥ C X. Moreover,
E;T@(f) = @uem, E:“’(f) for each f € (,cpy, L°°(X, p) and each real A. The map
Y9 USC(X,R) — Sup(G(X),R) defined by 49X (f)(G) = sup,eq f(t) is a
bijection with converse map (¥9))~1(y)(t) = inf{y(G); G € G(X),t € G}. Since
for all fi, fo in USC(X,R), f1 < fo if and only if 9 (f1) < Y9 (fy), 95 is a
surjective isomorphism of complete lattices. Let ¢ : Sup(G(X),R) — Sup(G,R) be
the surjective isomorphism of complete lattices defined by ¢(v)(7g(1g)) = V(G).

Proposition 4.1. Let A be commutative with spectrum X .
(a) The map (¥9)~1oporp9X) is the unique isomorphism of complete lattices
I from USC(X,R) into A”% whiciL extends Ty se(x r), ond satisfies for
each a > 0, and each f € USC(X,R) bounded from above,
(4.1) '(fVv—a)=1/(f)V —al,
and for each f € USC(X,R) bounded from below,
(4.2) '(f Aa) =TI (f) Aal.
(b) For each f and 1y in (,cps, L(X, ), we have ¢ o mg(f)(7e(ly)) =
sup;ey f(1)-

Proof. Let f and 1y in ) L>(X, u), and suppose

neM;

Ao =sup f(1) > sup{X € o(m (f); Ve >0, 7o (1y) B2 # 0}
te
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Since f(t) € o(mg(f)) for all t € X, we have A\g € o(mg(f)), and so there exists

go > 0 such that WEB(lY)E]Ti\e;(fE)O Nocteo] = = 0. Since mg(ly) < Efre;(f) for all & > 0,
we have g (1y) < E{7C o ()) This implies p(1y) < p(lyngr<rg—eo}) for all p € My,
giving a contradiction if we take p = ¢, the Dirac measure at ¢ty € Y, with

Ao — f(to) < €9. Suppose now
fugf(t) < sup{A € o(mg(f)); Ve >0, W@(ly)E]A®(g))\+E #0}.
€

There exists X € o(mg(f)) such that sup,cy f(t) < X, and mg(ly) £ E”@(f) for
all € > 0. For all € > 0, there exists h = {h,;pu € M1} € ®per, L*(X, 1) such that
(hy 7o (1y)R) > (hy EX2 ), and so (hywr, 7 (1y V) 2 (xopry > (s Ex2 D by 12 (x )
for some p’ € M;. Equivalently,
WAy [ 12) > 0 (Upan—ey | ),
which gives a contradiction with e satisfying sup,cy f(t) < X' —e. We then have

sup f(1) = sup{X € o (s (1)); Ve >0, me(1y) B # 03,

that is sup,cy f(t) = Yomg (f)(Ilg(1ly)) by Lemma 2.2, and (b) holds. In particular,
for each f € USC(X,R), and each G € G(X), we have

¢ o9 N (f)(me(le)) = fggf(t) =y omg(f)(me(lg)) = ¥ o me(f)(g(1a))

(the last equality follows from Theorem 3.3), that is (¢/9) "' 0 pop9X)(f) = 7g(f)
by Theorem 2.3, hence (19)~! o ¢ 0 p9(X) extends Tousc(x,r), it is clearly an
isomorphism of complete lattices, which moreover satisfies (4.1) and (4.2) since it is
surjective with (/9)~ 0 ¢ 0 1p9(X)(a) = al for each real a. Let II' : USC(X,R) —
A'Z 9 be an isomorphism of complete lattice (not necessarily surjective) extending
W@WSC(XR , and satisfying (4.1) and (4.2). In the rest of the proof, and in ab-
sence of exphc1t mention, the meets and joins of extended g-upper semicontinuous
operators are taken in A” %. Note that for each g € USC(X,R) bounded from above,

' (USC(X,R))
N\ melgv—a)= N\ W(v-a =T = N\ (gv—a) = /\ T(gVv-al=1I(g)
a€R a€R ac€Ry a€Ry
(the first equality follows from (4.1), and the second one from Corollary 2.4 (c)),
hence
' (USC(X,R))

(4.3) /\ Te(gV —a) = /\ (g VvV —a).
a€Ry acRy
Note also that for each G € G(X),
(4.4)
z/Jg(ae/ﬂé+ Te(9V—a))(re(lc)) = ai&i 9 (me(gv—a))(me(1a)) = alerﬁé félg(g\/ a)(t) = félgg(t)

(the proof of the first equality is similar to the proof of Theorem 3.4: suppose
9 (Naer, Ta(9V —a)) (1 (1)) < infaer, Y9 (15(9V —a)) (e (1c)), take the fam-
ily {rg(g V —a);a € R4} in place of {z;;¢ € I}, replace p by 7mg(lg), and

e (gV—a)

get by commutativity, mg(1a). Ayer, (5 oo

= 0, which implies mg(lg) <
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Vaer, ETe@V=) — pre(Vs) and the contradiction. The second equality fol-

lows from (b) and Theorem 3.3 (i)). Let f € USC(X,R), and note that f =
Vier, Naer, ((f Ab) V —a) with (f A b) bounded from above. Since P9 o Il is

sup-preserving as isomorphism of complete lattices, we get by (4.3),

9ol (USC(X,R)) ' (USC(X,R))

P9 oIl'(f) = \V v N\ T((fAD)V—a)

bER, a€Ry

9oIl’(USC(X,R))

- \/ YN me((FAb)V—a) >\ ¢9( N\ ma((fAD)V—a)),

beR, a€R 4 beR L acRy
and by (4.4) for each G € G(X),

(45) ¢9 o' (f) (7 (1g)) > sup inf sup((f Ab)V —a)(t) = sup sup(f Ab)(t)
beR, €R+ e beR, teG

=sup () = (¢ () (16))-
On the other hand, for each real a > 0,
WIoIl'(f) <y9oTl'(fV —a) <49 \/ T(fV—a)Abl)=

bER 4
=99\ me((fv—-a)rb) = \/ ¢ ome((fV —a)AD)
bER 4 bER 4

(the second inequality follows from Corollary 2.4 (c¢), and the first equality from
(4.2)), which gives for each G € G,
)

(4.6

v9oll'(f) (e (1e)) < inf sup sup((fAb)V—a)(t) = sup f(t) = (047 () (7o (1c)).
a€Ry peR, ted teG

By (4.5) and (4.6), Il' = (¢9)~! 0 ¢ 0 ¢9X) | which proves the uniqueness, and (a)

holds. O

The following theorem shows that R™ can be seen as a complete lattice in A”g,
containing A” % as a complete lattice isomorphic to USC(X, R). In this identifica-
tion, the g-upper regularization coincides with the usual upper regularization. By
(4.11) and (4.12), the unbounded g-lower semicontinuous operators in the sense of
[14] correspond to the | — 0o, +00]-valued lower semicontinuous functions on X, and
f is R-valued (resp. R-valued, bounded R-valued) continuous if and only if II(f) is
an extended (resp. extended with ox(II(f)) C R, bounded) g-continuous operator.

Theorem 4.2. Let A be commutative with spectrum X. The map 11 : R = A'm
defined by

(4.7) nn=ACV t-q V T (1r) + al)

a€R A—a€Ry FC{f>A},FEF(X)

satisfies the following properties:
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(i) II is an isomorphism of complete lattices, and for each f € R" and each
real i, we have
(4.8)

11 11
E[#Ei)oo[ = /\ \/ me(1p), and E]#Si)w[ = \/ \/ Te(1r).
A<p FC{f>\},FEF(X) A>p FC{f>\},FEF(X)

Moreover, for each real a,
(4.9) I(fVa)=1(f)Val = \/ (A—a) \/ Te(lp) + al,
A—a€Ry FC{f>A},FEF(X)
and
(4.10) II(f Aa) =TI(f) Aal.
(11) 1_[|mueM1 Lo(X,u) — Te-
(iii) Mysexm = W9~ o p o9, In particular, Wy se(x r) s an isomor-

phism of complete lattices onto A"%. Moreover,
[y g
(4.11) —feUSC(X,R) — -II(f)eA"g
and

(4.12) fEUSC(X,[—00,+00]) «= II(f) e A"

[7007+°O['

(iv) TI(f) = I(F) for all f € R.

(v) YoII(f)(me(1lg)) = supseq f(t) for all f € R™ and all G € G(X).
Proof. We first show that for each f € R” and each real a,
(4.13) O(fva)= \/ (A-a) \ Te(1p) +al.
A—a€Ry FC{fzX},FeF(X)

Let a € R, and suppose that for some real a’ > a,
o\ (A=d) V mo(lr)+a') 2¢( \/ (A\-a) V Te(1r)+al).

A—a’€Ry FC{f>\},FEF(X) A—a€Ry FC{fVa>\},FEF(X)

By the sup-preserving property of ¢, and using Lemma 2.2 (e), we get a projection
p € A”\{0}, a real A\g > a, and a closed set Fy C {f Va > Ao} such that

(4.14)

sip (A-a) N re(e)p) < (o - a)lre(1)(p) fa - d.

ARy FC{f2ALPEF(X)

Since Y(mg(1r))(p) € {0,1} for any F € F(X) by Lemma 2.2 (¢), the L.H.S. in
(4.14) is positive, which implies ¥(7g(1g,))(p) = 1 and A9 > @’ > a. Therefore,
Fo C {f > Mo}, and by taking A = Ag and F' = Fj in (4.14) we get the contradiction.
By Theorem 2.3, we then have for each real a’ > a,

(4.15)

\/ (A—a") \/ e (lp)+a'l = \/ (A—a) \/ e (1p)+al,
A—a’€Ry FC{f>\},FEF(X) A—a€Ry FC{fVva>\},FEF(X)

hence

\/ (-d) V re(lp)+dl= \/ (=d) ) me(lp)+dl

A—a’€Ry Fc{fva>\},FEF(X) A—a’€Ry FC{f>\},FEF(X)
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= \/ (A—a) \/ me(lp)+al = \/ (A—a) \/ e (lp)+al

A—a€Ry FC{fva>A},FEF(X) A—acky FC{f>A}FEF(X)
(4.16) - \/ (A—a) \/ me(1lp) + al
A—a€Ry FC{fVazA},FEF(X)

(where the second inequality follows from (4.15), and the last one from (4.15) with
a’ = a), and so

(4.17)
AC YV (=d) \/ re(lp)+al) = \/ (\-q) \/ Te(1p)+al.
a'>a A—a’€Ry FC{fVa>\},FEF(X) A—a€Ry FC{f>A\},FEF(X)
On the other hand, for each real @’ < a, we have
(4.18)

\V (-a) \ te(lp)+al=( \/ (\-d) \/ Ta(1p)+a' 1)V
A—a’€Ry Fc{fVva>\},FEF(X) a’<<a FC{fVva>\},FEF(X)
(\V (x=a)) \/ e (lp)+a’l) = alv(\/ (\—d’) \/ 7o (1p)+a'l) =
A>a FC{fVa>\},FEF(X) A>a FC{f>X},FEF(X)
alv( \/ (A—a) \/ me(lp)+al) = \/ (A—a) \/ e (lp)+al,

A>a FC{f>A},FeF(X) A—a€Ry FC{f>A},FeF(X)

where the second equality follows by noting that {f Va > A} = X for a > X and
{fVa>A}={f > A} for A > a. Then, (4.13) follows from (4.17) and (4.18). By

(4.13) we get En(fva) Nosa Nrcisay rerx) Em(lF) AN E},_, for each real ,
so that
(4.19) Vu<a,  EFUVO =

On the other hand,

= /\ \/ /\ /\ Ejii(lF)/\EO /\ \/ /\ /\ E”@(lF)/\EB s

v>pa€RA>a FC{f>A},FEF(X) v>palv A>a FC{f>\},FEF(X)

and since A\yo, Apc(rsa) rerx) EW@(lF) A EY_, is constant for all reals a and v

with a < v, we obtain

(420) V/,L > a, Ell;[(f) — /\ /\ E:?E}F) —_ E/l;[(f\/a).
A>a FC{f>\},FEF(X)

A—a

Since EE(f)Val H(f) for u > a and En(f)v(u 0 for 4 < a, the first equality in
(4.9) follows from (4 19) and (4.20), and the second one from (4.13). Take p = a
in (4.20) and get

(4.21) B = N\ A 1—7g(1p),
A>pu FC{f>X},FEF(X)

which is equivalent to the second equality in (4.8). By (4.21) we have

I
BN =\ A A 1-me(lp) < A leme(lp) < ENO,
V' <y V' <A<v FC{f>A},FEF(X) FC{f>v},FeF(X)
so that
BN _ () _ gl
] 00, ] \/ E oou[ < \/ /\ 1 ﬂ-@(lF) < \/ EV ]700 Mk

v<p v<p FC{f>v},FEF(X) v<p
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which is equivalent to the first equality in (4.8). By (4.21) we get

(4.22) Vi > a, EJUN) =1
and
Yu < a, EE(an) = /\ /\ 1—mg(lp) =
A>p FC{fAa>A},FEF(X)
(4.23) A A 1—mg(lp) = BN,

a>A>p FC{f>X},FEF(X)

Since Ep V" = B for < a and EFONY — o for 1 > a, (4.10) follows from

(4.22) and (4.23). Let fand g in R”. Suppose I(f) < TI(g) and f(z) > Ao > g(x)
for some x € X and some real Ag. Then, II(f V Ag) — Aol X II(g V \g) — Aol by
(4.9), which implies Y (II(f V Ag) — Aol) < (II(g V A\g) — Aol) by Theorem 2.3, and

o\ (=) \V mo(lr) < \/  (A=X) \V Te(1F))
A—Xo€R4 FC{f>\},FEF(X) A—Ao€R4 FC{g>\},FEF(X)
by (4.13) and Lemma 2.2 (e), that is for each projection p € A",
(4.24)
sup  (A=Ao) sup P(me(1r))(p) < sup  (A=Ao) sup ¥(me(1r))(p)-
A—=Xo€ERL FC{f>A},FEF(X) A=Xo€ER ¢ FC{g>\},FEF(X)
Take p = 7g(1(,3) in (4.24), and get the contradiction by considering in the L.H.S.
any A €]Xo, f(x)] and {z} C {f > A} (indeed, ¥ (p)(p) = 1 gives A — Ay > 0 in
the L.H.S., but ¢ (7 (1r))(p) = supye x Lrniay () = 0 for all F C {g > A} and all
A > Ag by Proposition 4.1, which gives 0 in the R.H.S.). Therefore, II(f) < II(g)
implies f < g, and since the converse implication clearly holds, II is an isomorphism
of complete lattices and (i) holds.
Since Tg(1{r>ay) = E[ "o (f )[ for each f € N
f eUSC(X,R), and each real a <infiecx f(t),

=\ (- \/ te(lp)tal= \/ (A-a)E[2Y) +al = 7a(f),

A—a€Ry FC{f>)\},FEF(X) A—a€Ry

penn, L°(X, p), we have for each

where the first equality follows from (4.13), and the last one from Proposition 4.1
by noting that f = \//\_a@RJr (A —a)lgs>xy + a; this proves (ii).

Let f € USC(X,R). For each real b, we have
(4.25)
(fAb) = I(F)AbL = /\ (I(H)AbL)val) = \ T((FAb)Va)) = A me((FAD)Va),

acR a€R acR

where the first equality follows from (4.10), the second one from Corollary 2.4 (c),
the third one from (4.9) and (4.10), and the last one from (4¢) since (f Ab) Va €
USC(X,R)p. Therefore, TI(f A D) € A”% as the meet in A"y of a family of g-upper
semicontinuous operators. Since II(f) = \/, g II(f A D) by (4.10) and Corollary 2.4
(¢), and since

(f) _ II(fAN) H(fM
aer, B, =\ E \ EJ =V B
v<A v<A v<A
E]ri((fo) Al is an open projection, hence II(f) € A”% We then have shown that

H|u Sc(x.F) 15 an isomorphism of complete lattices from USC(X,R) into A” %, which
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extends gy sc(x r),» and satisfies (4.1) and (4.2) ; by Proposition 4.1, I, sc x &) =
(¥9)~' 0 ¢ 019X and the two first assertions of (#ii) holds. Since for each real a,
(4.26)

11 TI a II an s A
\/E ) _ \/E)\(f\/):\/E)\(fVA):\/E/\ea(f\/a/\):\/ﬂ(l{f\/ag)\}):
A€ER A€ER A€ER A€ER A€R

=V W) Ty, L qren) <Tx) =1,
AER
I(f) € A”[gfooﬂroo[ implies (J,cg{f < A} = X; but the first inequality in 4.26
is in fact an equality (otherwise, by Theorem 2.3, there is some real A\ and some
projection p € A"\{0} satisfying (YoII)(1{r<x,})(p) > (¥oID)(1y, . (r<r})(p); since
(1{r<r,}) and H(lUAgR{fSA}) are projections by (i), we get (¢OH)(1{f§>\O})(p) =
1that is p < H(115<x,}), and (wOH)(]-U)\e]R{fSA})(p) = 0 that is p'H(]-U)\e]R{fSA}) =
0, and the contradiction), so that the converse implication holds, which gives (4.12).
Let —f € USC(X,@). By (4.9), (4.10), (4i) and Corollary 2.4, we get

= AV -TI(frb)va)= \ \/ T(—f A—a) Vv —b) =TI(- f),

beR a€R bER a€R
which gives (4.11).
Let f € R”. Clearly, TI(f) < TI(f) < TI(f), and by (i) and (iii) there exists
g € USC(X,R) such that I1(f) = II(g) and f < g < f, hence g = f, and (iv) holds.
We have for each f € R™ and each G € G(X),
woIl() (s (16)) = vl (mo (1)) = 9Tl (mo(16)) = ¥9ell(F) (mo (1)) = sup £ (o).

where the two first equalities follow from Theorem 3.3, the third one from (iv), and
the last one from (ii¢). Thus, (v) holds and the theorem is proved. O

We recover in the following corollary the fact that the spectrum X of a commu-
tative von Neumann algebra is stonean, since this is equivalent to say that the set
of R-valued continuous functions on X is a complete lattice.

Corollary 4.3. Let A be a commutative W*-algebra with spectrum X. For each
faithful representation w(A) as a von Neumann algebra, there is an isomorphism of
complete lattices from the set of R-valued continuous functions on X onto m(A)g.

Proof. Since m preserves the usual order, by commutativity 7 restricted to the self-
adjoint part of A is a poset isomorphism (with respect to the spectral order). We
then can identify (as lattices) the self-adjoint part of A with the one of w(A). On
the other hand, also by commutativity, A is a von Neumann algebra acting on the
universal Hilbert space. By definition, x € Ag if {E{; A € R} C A, that is x € Ag if
and only if tAb1V —al € A for all reals a and b, i.e. z is extended g-continuous, and
the result follows from Theorem 4.2 (note that in general, = is extended g-upper
(resp. g-lower) semicontinuous if and only if (z Abl)V al is bounded g-upper (resp.
g-lower) semicontinuous for all reals a and b). (]

The following characterizations (i') — (4i7') of the upper regularization map are
well known ([8], [16]). When A is commutative, they are recovered as particular
cases of Theorem 3.3.
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Corollary 4.4. Let A be commutative with spectrum X, f € RY andY C X. The
properties (i) — (i4i) of Theorem 3.3 with x =II(f) and p =II(1ly) are respectively
equivalent to

(i") f is the unique g € USC(X,R) satisfying

(4.27) sup g(t) = sup f(t) for all G € G(X);
teG ted

(ii") f= Vig e RX; sup;e 9(t) = supseq f(t) for all G € G(X)};
(iii’) PII(f))(I(1y)) = supey f(t) = infgoy,ceg(x) SuPreq f(1)-

Proof. By (4ii) and (iv) of Theorem 4.2, (i) is equivalent to state that II(f) is the
unique extended g-upper semicontinuous operator I(g) (for some g € USC(X, R))
satisfying

(4.28) V9 (1(9))(me (1)) = »(II(f)) (7 (1c))-

The L.H.S. and R.H.S. of (4.28) are respectively equal to sup,cs g(t) by Theorem
4.2 (4it), and sup,c g(t) by Theorem 4.2 (v), which gives (4.27). Put Yy = {g €
—X

R™;VG € G(X), supieqg(t) = supieq f(1)} and Yy = {y € A"gv(y)ig =
Y(w)g}. Since y € Yy if and only if § € Yyy(4) by Theorem 3.3 (i), we have by

Theorem 4.2 (7i4), \/ Yy = \/(Yn(f)ﬂﬂ(@x)). Moreover, \/ Yyy(s) € Yn(f)ﬂﬂ(@x)
since \/ Yri(f) € Yri(y), hence

I(R™)
(4.29) \V Yuy =V Yagy =V gy NIED)).
Then,
mE®™Y)
(4.30) n(f) =T(f) = \/ Yu =V 100 =1(\/vy),

where the first equality follows from Theorem 4.2 (iv), the third one from (4.29)
and the equivalence II(g) € Yyi(y) if and only if g € Y} (given by Theorem 4.2 (v)),
and the last one by Theorem 4.2 (i). Then, (4.30) is equivalent to f = \/ Y} by
Theorem 4.2 (), that is (i¢) < (#'). Note that

MUSC(X,R))

nH=u\/ AGrvyvay= "\  MWATr)Va)=

bER a€R beR a€R
VIAFabyvae)=\ ANT((FAb)va) =\ )\ TI(f)Abl)Val =TI(f)
beR  a€R beER a€R beER a€R

(the third equality follows from Proposition 3.2, the fourth one from Theorem 4.2,
and the last one from Corollary 2.4); in particular,

I(USC(X,R))

(4.31) V. AT Anvae) =\ AT Ab)Va).

beR acR beR acR

Moreover, for each F' € F(X), we have
(4.32)

YN\ T(FAb)Va))(mg(1r)) = inf goll((fAb)Va)(me(1r)) = inf sup((fAb)Va)(t)

a€R
a€R teF

— sup F(1)Ab,

tel



18 HENRI COMMAN

where the first equality is proved as the first equality in (4.4), and the second one fol-
lows from Proposition 4.1 (b). Now, the L.H.S. of (ii2) with p’ =\ ey per(x) o (1F)
is

YA)P) =9 ol(f)(p) =  sup  ¢oll(f)(me(lr)) =

FCY,FeEF(X)

IUSC(X,R))

sup  woll(\/ A\ (Frb)va)(me(lr) =  sup o \/ (A (Frb)va)(re(lr)

FCY,FeF(X) bER a€R FCY,FeF(X) bER a€R
= sup  (\/ ANT((FAb)Va)(me(lp)) =  sup  supy( \ TI((FAb)Va))(me(1r)) =
FCY,FEF(X)  pcRacR FCY,FEF(X)beR p
sup f(t),
tey

where the fifth equality follows from (4.31), and the last one from (4.32). The
R.H.S. of (4i7) with p’ is

St vellN@) = inf o woll(f)(ms(le))
= oyt 1 lg)) = inf )= inf Tt
gy ¥ O rele) = Bl ) Sop I = B SR T ()

= _inof )woﬂ(f)(ﬁea(lc)) = _inf  ¢oll(f)(q) = ¢(II(f))I(1y)),

GDY,GeG(X ¢>I(1y),Geg
where the third and fifth equalities follow from Theorem 4.2 (v), and the fourth one
from (i'). Since the last equality is exactly (ii¢) with p = II(1y ), all the expressions
appearing in (4i7) and (7ii’") are equal. O

The commutative case of Theorem 3.4 is exactly the Dini-Cartan lemma, as
shows the following.

Corollary 4.5. Let A be commutative with spectrum X, and (f;)icr be a decreasing
net in USC(X,R). The conclusion of Theorem 3.4 with x; = TI(f;) for alli € I, is
equivalent to
(4.33) sup inf f;(¢) = inf sup f;(¢) for all compact K C X.

teK 1€l i€l te K
Proof. Note first that for each ¢ € I, TI(f;) is extended g-upper semicontinuous
by Theorem 4.2. By commutativity, we have to show that for each compact set
K C X, (3.3) with p = mg(1x) is equivalent to (4.33). The L.H.S. of (3.3) with
p=7e(lk) is

A"g NUSC(X,R))
AT (me(1x) =\ T Fe() =¢( A (i) (re(1k))
il i€l il
= (I £)(7e(1x)) = sup inf f;(2),
icl teKte

where the first equality follows from Proposition 3.2, the second and third ones
from Theorem 4.2 (iii), and the last one from Corollary 4.4 (ii¢"). By Corol-
lary 4.4 (#1'), the R.H.S. of (3.3) with p = g (1k) is inf;er V(II(f;)) (7e(1k)) =
infier sup;e g fi(t). =
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5. AN APPLICATION TO NONCOMMUTATIVE LARGE DEVIATIONS

Let (pq) be a net of Radon probability measures on a locally compact Hausdorff
space X, let (t,) be a net in |0, 4+o0[ converging to 0. Recall that (u,) satisfies
a large deviation principle with powers () if there exists a upper semicontinuous
function f on X such that

lim sup pio (F)' < sup f(z) < sup f(x) < liminf p1q (G)"
Tz€EF zeG
for all F € F(X), G € G(X) with F C G ([8], [10]). Such a principle implies that
for each z € X with f(z) < 1, there exists an open set G containing x such that
1o (G) converges exponentially fast to 0, with the rate of convergence controlled by
—log f; we call f the governing function.

Let (wq) be a net of states on a C*-algebra A. The following definition is
a noncommutative version of the above one: indeed, if A is commutative with
spectrum X, then (w,) is a net of Radon probability measures on X, z = 7mg/(f)
for some bounded upper semicontinuous function f, and for each p = mg(1ly) with
Y open or closed, we have by Proposition 4.1 (b),

¥(2)(p) = ¥ ome(f)(me(ly)) = sup f(z).

Definition 5.1. We say that (w,) satisfies a large deviation principle with pow-
ers (tq) if there exists a g-upper semicontinuous operator z (called the governing
operator) such that

(5.1) limsup wa(p)' < ¢(2)(p) < ¢(2)(g) < liminfwe(g)*

for all closed projections p, and all open projections ¢ with p < q.

We refer to [7], where basic properties of classical large deviations have been
extended to the noncommutative context; in particular, we proved that a governing
operator is uniquely determined.

The results of the preceding sections allow us to obtain equivalent definitions
without reference to semicontinuity; the following proposition is a noncommutative
version of Proposition 2.3 of [8].

Proposition 5.2. The following statements are equivalent:
(i) (wa) satisfies a large deviation principle with powers (ts).
(ii) There exists a sup-preserving map ~ on the set of open projections such
that for each closed projection p, and each open projection q with p < q,
limsupwa (p)’ < v(g) < liminfw,(q)™.
(iii) There exists x € A" 1) such that for each closed projection p, and each
open projection q with p < g,
(5.2) lim sup wq (p)'> < ¥(z)(q) < liminf w,(q)b.
If (i) holds, then the governing operator z is given by z = \/[{x € A" 1) : x satis fies (5.2)}.
If (ii) holds, then (i) holds with governing operator (9)~'(v). If (iii) holds with
x, then (i) holds with governing operator .
Proof. (i) = (ii) = (i43) is clear by Theorem 2.3 and Theorem 3.3 (i) and (#i%). If
(ii7) holds with x, then ¥9(Z)(q) = ¥(Z)(q) = ¥ (z)(q) for all ¢ € G by Theorem 3.3
(¢) and (#47), and since ¥(T)(p) = infy>p qeg ¥(x)(g) by Theorem 3.3 (iii), we get
(5.1) with z = Z, i.e., (¢) holds with governing operator T. The equivalences and
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the last assertion are proved. Assume now that (¢) holds, and put z = \/A”[O’” {z €
A0 ¢ = satisfies (5.2)}. Since {x € A"}y : @ satisfies (5.2)} is bounded and

nonempty, we have z = \/A”@{x € A" : z satisfies (5.2)} by Corollary 2.4 (a).
Since v is a surjective isomorphism of complete lattices, it is sup-preserving and so
1 (z) satisfies (5.2); hence ¢ (Z) satisfies also (5.2) by Theorem 3.3 (i), which implies
Z = z, and (7) holds with governing operator z. If (#i) holds, then by Theorem 2.3
and Theorem 3.3 (7i4), (i) holds with governing operator (1/9)71(y). O
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