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Abstract

We define a large deviation principle for a net of states on a C*-
algebra as the convergence of a net of noncommutative capacities toward
a bounded maxitive one. This extends the classical definition for a net of
regular probability measures on a locally compact Hausdorff space.

1 Introduction and background material

A set-capacity (in the sense of [6]) on a locally compact Hausdorff space
X is a map from the powerset of X to [0,∞] which is inner regular on
all sets, outer regular on compact sets, and vanishing on ∅. The narrow
topology on the set of set-capacities is the coarsest topology for which
the evaluations γ 7→ γ(Y ) are upper semicontinuous (usc) for all closed
Y ⊂ X and lower semicontinuous (lsc) for all open Y ⊂ X.

Recall that a net of probability measures on X satisfies a large devi-
ation principle when the probabilities of some Borel sets converges expo-
nentially fast to 0. The rate of convergence is given by a positive bounded
usc function f (equivalently by the so-called rate function − log f). A set-
capacity γ is maxitive if for all family {Gi; i ∈ I} of open sets, γ(

⋃
i∈I Gi) =

supi∈I γ(Gi). Identifying bounded maxitive set-capacities with positive
bounded usc functions is the trick which allows to use the set-capacities
space to formulate a large deviation principle as the convergence of a net
of some set-capacities to a bounded maxitive one, this limit giving the
rate function ([7]).

In [4], we develop a noncommutative theory of capacities which extends
to the general context of C*-algebras the essential results of the topological
theory of set-capacities as given in [6], [7], [8]. Here, we give an application
of this theory, showing how it is possible to extend the preceding scheme
about large deviations for a net of states on a C*-algebras.
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We recall now some basic notions of noncommutative topology. Let U
be a C*-algebra, U∗∗ its enveloping Von Neumann algebra, Ũ the algebra
obtained by adjoining a unit 1 to U , and U+ the positive part of U . We
denote by C0(X) the C*-algebra of complex continuous functions vanishing
at infinity on a locally compact Hausdorff space X, and write B(H) for
the set of bounded operators on a complex Hilbert space H.

A projection p ∈ U∗∗ is open if there is an increasing net in U+ con-
verging strongly to p. A projection p ∈ U∗∗ is closed if 1 − p is open,
and a closed projection p ∈ U∗∗ is compact if there exists x ∈ U+ such
that p ≤ x ([3], [9]). It is well known that the infimum (resp. supremum)
of a family of closed (resp. open) projections is a closed (resp. open)
projection. For a self-adjoint element x ∈ U∗∗, ExY denotes the spectral
projection of x corresponding to the borel set Y ⊂ R. We say that x is
q-upper semicontinuous (q-usc) if Ex]−∞,t[ is open for all t ∈ R, and that
x is q-lower semicontinuous (q-lsc) if −x is q-usc ([3]).

Example 1 Let U be commutative, isomorphic to C0(X) for some lo-
cally compact Hausdorff space X, and M1 the set of regular probability
measures on X. For all µ ∈ M1, define Mµ : L∞(X,µ) → B(L2(X,µ))
by (Mµ(f)g)(t) = f(t)g(t). Then, for all µ ∈ M1, Mµ|C0(X) is a cyclic
representation of C0(X). By definition, C0(X)∗∗ is the strong closure
of M(C0(X)) in B(⊕µ∈M1L

2(X,µ)) where M = ⊕µ∈M1Mµ|C0(X). For
all positive bounded usc (resp. lsc) function f on X, define M(f) =
⊕µ∈M1Mµ(f). Then, the operator M(f) is positive and q-usc (resp. q-
lsc), and each positive q-usc (resp. q-lsc) operator is obtained in this way.
A projection p ∈ U∗∗ is compact (resp. open, closed) if and only if there
exists some compact (resp. open, closed) Y ⊂ X such that p = M(1Y ).

In the rest of the paper, U denotes a C*-algebra, and A (resp. B, C)
the set of compact (resp. open, closed) projections in U∗∗.

2 Capacities space

Definition 1 A map γ : B ∪ C → [0,∞] is a capacity if

(i) γ(0) = 0,

(ii) γ(b) = supa≤b,a∈A γ(a) for all b ∈ B,

(iii) γ(c) = infb≥c,b∈B γ(b) for all c ∈ C.

Let Γ denote the set of capacities. We say that γ ∈ Γ is maxitive if
γ(

∨
i∈I bi) =

∨
i∈I γ(bi) for all {bi; i ∈ I} ⊂ B.

Example 2 For all state ω on U and t > 0, ωt defined by ωt(p) = ω(p)t

for all p ∈ B ∪ C, is a capacity. It is proved in [1] that ω is inner regular
on B (and so outer regular on C) when 1 ∈ U . Suppose 1 6∈ U , and let
p be a projection in U∗∗. It is known that p is open if and only if p is
open in Ũ∗∗(' U∗∗ ⊕C), and that p is compact if and only if p is closed
in Ũ∗∗ ([3]). Then, working in Ũ∗∗ with the canonical extension ω̃ makes
the job.
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Definition 2 The narrow topology on Γ is the coarsest topology for
which the evaluations γ 7→ γ(p) are usc for all p ∈ C and lsc for all
p ∈ B.

Remark 1 A net (γα) in Γ converges narrowly to γ ∈ Γ if and only if
lim sup γα(c) ≤ γ(c) for all c ∈ C , and lim inf γα(b) ≥ γ(b) for all b ∈ B.

The next Theorem 1 gives the general form of a bounded maxitive
capacity in terms of a q-usc positive operator. It is the key result which
will allows us to formulate a large deviation principle for a net of states
in terms of convergence in Γ. For the proof, we will need the following
results:

• The Urysohn’s lemma ([2], Lemma 3.1) states that if a ∈ A, b ∈ B
and a ≤ b, then there exists x ∈ U+ such that a ≤ x ≤ b. It follows
that b′ = Ex]2/3,1] ∈ B, a′ = Ex[1/3,1] ∈ A with a ≤ b′ ≤ a′ ≤ b, which
gives the non commutative analogue of local compactness.

• For all b ∈ B, b =
∨
a≤b,a∈A a. Indeed, let x ∈ U+ with x ≤ b. Then,

x ≤ Ex]0,1] ≤ b and Ex]0,1] =
∨
λ>0E

x
[λ,1] with Ex[λ,1] ∈ A . Since

b ∈ B, there is an increasing net (xα) in U+ converging strongly to
b, and the result follows.

Theorem 1 Let γ be a map from B ∪ C to [0,∞]. Then the following
properties are equivalent:

(i) γ is a bounded maxitive capacity.

(ii) There exists a q-usc positive operator z such that

∀p ∈ B ∪ C, γ(p) = sup{λ ∈ σ(z); ∀ε > 0, pEz]λ−ε,λ+ε] 6= 0} (1)

We say that z represents γ. Furthermore, there is a unique q-usc positive
operator which represents γ.

Proof. (i)⇒(ii) To each real λ we assign the projection E′λ =
∨
{b ∈

B; γ(b) ≤ λ} (with the convention sup ∅ = 0) . If λ < µ, then E′λ ≤ E′µ.
For all λ < 0 E′λ = 0, and E′γ(1) = 1. So, we have defined a bounded
spectral family {E′λ}, and the family {Eλ} where Eλ =

∧
µ>λE

′
µ is a

bounded right continuous spectral family. By spectral theorem, there
exists a unique positive operator z on the universal Hilbert space whose
(right continuous) spectral family is {Eλ}. Since Eλ ∈ U∗∗ for all λ ∈ R,
z ∈ U∗∗+ . Moreover z is q-usc; indeed, for all 0 < λ, for all 0 < ε < λ,
choose µ such that 0 < λ − ε < µ < λ. Then, Eλ−ε ≤ E′µ ≤ E[0,λ[ and
since

∨
ε<λEλ−ε = E[0,λ[, we obtain E[0,λ[ =

∨
µ<λE

′
µ which is an open

projection.
We will prove that

∀p ∈ B ∪ C, γ(p) = sup{λ ∈ σ(z);∀ε > 0, p(Eλ+ε − Eλ−ε) 6= 0}.

First we prove the inequality ” ≥ ”. Let p ∈ B ∪ C, and λ ∈ σ(z) such
that p(Eλ+ε − Eλ−ε) 6= 0 for all ε > 0. Then p 6≤ Eλ−ε, and therefore
p 6≤ E′λ−ε which implies γ(p) ≥ λ− ε for all ε > 0 (this is clear if p ∈ B,
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and if p ∈ C notice that
∨
{c ∈ C; γ(c) < λ} ≤ E′λ by Definition 1 (iii)).

Thus, γ(p) ≥ λ.
We prove now the inequality ” ≤ ”. First we show that γ(p) ∈ σ(z)

for all p ∈ B ∪ C. By inner regularity on C and since σ(z) is closed, it
suffices to show that γ(b) ∈ σ(z) for all b ∈ B. If there exists b ∈ B such
that γ(b) 6∈ σ(z), then there exists ε > 0 such that Eγ(b)−ε = Eγ(b)+ε. Let
µ1, µ2 such that γ(b) − ε < µ1 < γ(b) < µ2 < γ(b) + ε. Then, Eγ(b)−ε ≤
E′µ1 ≤ E′µ2 ≤ Eγ(b)+ε which implies E′µ1 = E′µ2 . But b ≤ E′µ2 , and by
maxitivity γ(E′µ1) ≤ µ1 implies b 6≤ E′µ1 , which gives the contradiction.
Then, for all p ∈ B ∪ C, γ(p) ∈ σ(z). Suppose

γ(p) > sup{λ ∈ σ(z); ∀ε > 0, p(Eλ+ε − Eλ−ε) 6= 0}

for some p ∈ B ∪ C. Then, since γ(p) ∈ σ(z), p(Eγ(p)+ε′ − Eγ(p)−ε′) = 0
for some ε′ > 0, with Eγ(p)+ε′ − Eγ(p)−ε′ 6= 0. Since p ≤ E′γ(p)+ε′ ≤
Eγ(p)+ε′ , we obtain p ≤ Eγ(p)−ε′ . Now, choose µ with γ(p)−ε′ < µ < γ(p)
and obtain by maxitivity γ(p) ≤ γ(E′µ) ≤ µ < γ(p) which gives the
contradiction.

(ii)⇒(i) We establish first two facts.
Fact 1: for all p ∈ B ∪ C, p ≤ Eγ(p). Define λ0(p) = inf{λ ∈ R; p ≤

Eλ}. Notice that λ0(p) ∈ σ(z) (otherwise there exists ε > 0 such that
Eλ0(p)−ε = Eλ0(p)+ε, and p ≤ Eλ0(p)−ε gives the contradiction). Since
the family {Eλ} is right continuous, we obtain p ≤ Eλ0(p). Suppose
λ0(p) > γ(p). Then, p(Eλ0(p)+ε − Eλ0(p)−ε) = 0 for some ε > 0 with
Eλ0(p)+ε−Eλ0(p)−ε 6= 0. Since p ≤ Eλ0(p)+ε, we have p ≤ Eλ0(p)−ε which
gives the contradiction. Thus, p ≤ Eλ0(p) ≤ Eγ(p).

Fact 2: for all λ ∈ R, γ(E[0,λ[) ≤ λ (recall that z is q-usc and so
γ(E[0,λ[) is well defined). Suppose γ(E[0,λ[) > λ, then there exists µ ∈ σ(z)
with γ(E[0,λ[) ≥ µ > λ and E[0,λ[(Eµ+ε − Eµ−ε) 6= 0 for all ε > 0, which
implies E[0,λ[ 6≤ Eµ−ε. But E[0,λ[ ≤ Eλ ≤ Eµ−ε for ε sufficiently small,
which gives the contradiction.

Now, we can show that γ is a map completely maxitive on B. Let
{bi; i ∈ I} ⊂ B. By Fact 1, bi ≤ Eγ(bi) for all i ∈ I, and so

∨
i∈I bi ≤

E∨
i∈I γ(bi). Thus,

∨
i∈I bi ≤ E[0,

∨
i λ0(bi)+ε[ for all ε > 0. By Fact 2 and

since γ is clearly increasing, we have γ(
∨
i∈I bi) ≤ γ(E[0,

∨
i∈I γ(bi)+ε[) ≤∨

i∈I γ(bi) + ε for all ε > 0, and thus γ(
∨
i∈I bi) ≤

∨
i∈I γ(bi).

Now, we show that γ is a capacity. Clearly, γ(0) = 0 (with the con-
vention sup ∅ = 0). Let b ∈ B. By Urysohn’s lemma, for all a ∈ A
with a ≤ b there exists a′ ∈ A, ba ∈ B, such that a ≤ ba ≤ a′ ≤ b,
and since b =

∨
a≤b,a∈A a, we obtain b =

∨
a≤b,a∈A ba. By maxitivity,

γ(b) = supba,a∈A γ(ba) = supa≤b,a∈A γ(a), giving inner regularity on B.
Let c ∈ C and ε > 0. By Fact 1, c ≤ E[0,γ(c)+ε[, and by Fact 2,

γ(c) ≤ γ(E[0,γ(c)+ε[) ≤ γ(c) + ε. Since E[0,γ(c)+ε[ ∈ B, it follows that
γ(c) = infc≤b,b∈B γ(b) and so γ is a capacity. We have shown that γ is a
maxitive capacity which is bounded since γ(1) = ‖z‖.

Now, suppose that two q-usc positive operators z1, z2 represent γ, with
respective right continuous spectral families {E1

λ} and {E2
λ}. By Fact 1,

for all λ ∈ R, for all ε > 0, E1
λ ≤ E1

[0,λ+ε[ ≤ E2
γ(E1

[0,λ+ε[)
and by Fact 2,

E2
γ(E1

[0,λ+ε[)
≤ E2

λ+ε and so E1
λ ≤ E2

λ+ε for all ε > 0. By right continuity

of the family {E2
λ}, we obtain E1

λ ≤ E2
λ and by symmetry E1

λ = E2
λ for
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all λ ∈ R.

Proposition 1 Let U be commutative, isomorphic to C0(X) where X is
a locally compact Hausdorff space, and f a positive bounded usc function
on X. Then, for all open or closed Y ⊂ X,

sup
t∈Y

f(t) = sup{λ ∈ σ(M(f)); ∀ε > 0, M(1Y )(Eλ+ε − Eλ+ε) 6= 0}

where {Eλ} is the spectral family associated to M(f) (see Example 1).

Proof. The spectral family {Eλ} of M(f) is given in the following way:
for all µ ∈ M1, for all h ∈ L2(X,µ), Eλ(h) = 1{f<λ}h. Let Y ⊂ X be
open or closed, and suppose

λ0 = sup
t∈Y

f(t) > sup{λ ∈ σ(M(f)); ∀ε > 0, M(1Y )(Eλ+ε −Eλ+ε) 6= 0}.

Since f(t) ∈ σ(M(f)) for all t ∈ X, we have λ0 ∈ σ(M(f)), and so there
exists ε0 > 0 such that M(1Y )(Eλ0+ε0 − Eλ0−ε0) = 0. Since M(1Y ) ≤
Eλ0+ε for all ε > 0, we have M(1Y ) ≤ Eλ0−ε0 . This implies µ(1Y ) ≤
µ(1Y ∩{t;f(t)<λ0−ε}) for all µ ∈ M1, giving a contradiction if we take
µ = δt0 the Dirac measure at t0 ∈ Y , with λ0 − f(t0) < ε.

Suppose now

sup
t∈Y

f(t) < sup{λ ∈ σ(M(f)); ∀ε > 0, M(1Y )(Eλ+ε − Eλ−ε) 6= 0}.

Then, there exists λ′ ∈ σ(M(f)) such that supt∈Y f(t) < λ′, andM(1Y ) 6≤
Eλ′−ε for all ε > 0. Thus, for all ε > 0, there exists h = {hµ;µ ∈
M1} ∈ ⊕µ∈M1L

2(X,µ) such that 〈h,M(1Y )h〉 > 〈h,Eλ′−ε(h)〉, and so
there exists µ′ ∈M1 such that

〈hµ′ ,M(1Y )hµ′〉L2(X,µ′) > 〈hµ′ , Eλ′−εhµ′〉L2(X,µ′).

Equivalently,

µ′(1Y | hµ′ |2) > µ′(1{t;f(t)<λ′−ε} | hµ′ |2)

giving a contradiction if we take ε satisfying supt∈Y f(t) < λ′ − ε.

3 Large deviation principle for states

Definition 3 Let (tα) be a net in ]0,∞[ converging to 0. A net (ωα) of
states on U satisfies a large deviation principle with powers (tα) if there
exists a positive q-usc operator z such that:

(i) lim supωα(c)tα ≤ sup{λ ∈ σ(z); ∀ε > 0, cEz]λ−ε,λ+ε] 6= 0} for all
c ∈ C,

(ii) lim inf ωα(b)tα ≥ sup{λ ∈ σ(z); ∀ε > 0, bEz]λ−ε,λ+ε] 6= 0} for all
b ∈ B.
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We say that z governs the large deviation principle.

According to Example 2, Theorem 1 and Remark 1, an equivalent
definition in terms of capacities is given in the following:

Proposition 2 Let (tα) be a net in ]0,∞[ converging to 0. A net (ωα)
of states on U satisfies a large deviation principle with powers (tα) if
and only if there exists a bounded maxitive capacity γ such that (ωtαα )
converges narrowly to γ. The operator representing γ governs the large
deviation principle.

Let U be commutative, isomorphic to C0(X) where X is a locally
compact Hausdorff space, and (tα) a net in ]0,∞[ converging to 0. Recall
([5], [7]) that a net (µα) of regular probability measures on X satisfies
a large deviation principle with powers (tα) if there exists a positive usc
function f on X such that:

(i) lim supµα(F )tα ≤ supt∈Y f(t) for all closed F ⊂ X,

(ii) lim inf µα(G)tα ≥ supt∈G f(t) for all open G ⊂ X.

In this case, f (or equivalently the so-called rate function − log f) is
said governing the large deviation principle.

By Proposition 1 and Riesz representation theorem, Definition 3 and
Proposition 2 extend the classical notion of large deviation principle for a
net of regular probability measures on X.
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