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Abstract

Let X be a topological space, (µα) a net of Borel probability measures on X, and
(tα) a net in ]0,∞[ converging to 0. Let A be a set of continuous functions such that
for all x ∈ X that can be suitably distinguished by some continuous functions from any
closed set not containing x, A contains such a distinguishing function. Assuming that
Λ(h) = log lim(

∫
X
eh(x)/tαµα(dx))tα exists for all h ∈ A, we give a sufficient condition in

order that (µα) satisfies a large deviation principle with powers (tα) and not necessary
tight rate function. When X is completely regular (not necessary Hausdorff), this
condition is also necessary, and so strictly weaker than exponential tightness; this
allows us to strengthen Bryc’s theorem in various ways. We give the general form of
a rate function in terms of A. A Prohorov-type theorem with a weaker notion than
exponential tightness is obtained, which improves known results.

Key words: Large deviations; converse Varadhan’s theorem problem.

1 Introduction

Let (µα) be a net of Borel probability measures on a topological space X, and (tα)
a net in ]0,∞[ converging to 0. For each [−∞,+∞[-valued measurable function h on
X, we define Λ(h) = log limµtαα (eh/tα) provided the limit exists in [−∞,+∞], where
µtαα (eh/tα) stands for (

∫
X
eh(x)/tαµα(dx))tα .

In order to prove a large deviation principle for (µtαα ), the so-called functional
approach consists first to establish the existence of Λ(·) on some class of continuous
functions, and next to look for a sufficient condition, either of set-theoretic type, or on
the functional Λ(·). When X is normal Hausdorff and Λ(·) exists on the set Cb(X) of
real-valued bounded continuous functions onX, such necessary and sufficient conditions
have been given in [2]. When the existence of Λ(·) is not established on all Cb(X), the
best known conditions involve a tightness condition: when X is completely regular
Hausdorff and Λ(·) exists on some well-separating class, the exponential tightness is
required (Bryc’s theorem); when X is Polish and Λ(·) exists on the set of bounded
Lipschitz continuous functions, it is required that Λ(h) = supx∈X{h(x)− J(x)} for all
h in this set, where J is a tight rate function (which also implies exponential tightness)
([4]).
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In this paper, we will deal only with set-theoretic conditions; our aim is simultane-
ously to weaken the exponential tightness hypothesis and to reduce the set of continuous
functions on which Λ(·) has to be defined in order to get large deviations with not nec-
essary tight rate function; this is achieved in Theorem 3, with moreover no condition
on X.

Indeed, since Varadhan’s theorem is valid in general spaces without any hypothesis
on the function giving the large deviations upper and lower bounds ([2], Corollary 3.4),
it is natural to ask about the converse in a general setting. There is a lack in the
literature about this problem when X is not completely regular Hausdorff (however,
there are Hausdorff spaces which fail to be completely regular only because of one
point). The fact is that the usual techniques are first heavily based on compactness
arguments forcing the compact sets to be Borel sets (which is not necessarily the case if
X is not Hausdorff), and next they require approximations of all open sets by elements
of Cb(X) (which is not ensured if X is not completely regular).

We use here an alternative method valid for any topological space, which is based
on the variational forms of the functionals Λ(·) = log lim inf µtαα (e·/tα) and Λ(·) =
log lim supµtαα (e·/tα). It leads to a condition for large deviations, only assuming the
existence of Λ(·) on a class of continuous functions which suitably approximates what
could be called the ”completely regular part” of X.

More precisely, let X0 denote the set of points x ∈ X such that x can be distin-
guished from any closed set F not containing x, in the sense that for each real s > 0,
and each real t > 0, there exists some continuous functions h such that h(x) ≥ −t and
h|F ≤ −s; we then define an approximating class as a class of functions containing such
a distinguishing function for any such pair (x, F ). We give a sufficient condition only in
terms of the set-function lim supµtαα (·) with domain the closed sets of X, in order that
(µα) satisfies a large deviation principle with powers (tα) and not necessary tight rate
function, assuming that Λ(·) exists on some approximating class. The definition of such
a class implying no hypothesis on X, this condition works for any topological space;
it is moreover necessary, and so strictly weaker than exponential tightness, when X is
completely regular (not necessarily Hausdorff); in this case, various classical results are
strengthened, and in particular Bryc’s theorem (Corollary 4); a more practical suffi-
cient condition, involving the open covers of X is obtained (Corollary 4); it generalizes
the notion of τ -smoothness for a net of measures and leads to Prohorov-type theorems
with exponential τ -smoothness in place of exponential tightness (Corollary 5); also, the
general form of a rate function is given in terms of any approximating class (Corollary
2). We emphasize that no compactness arguments are used, the open cover property
being replaced by conditions on the net (µtαα ).

The paper is organized as follows. In Section 2, we establish a variational formula for
Λ(h), valid for any [−∞,+∞[-valued measurable function h satisfying the tail condition
of Varadhan’s theorem (Theorem 2); together with the formula for Λ(h) given in [2],
this leads to a sufficient condition for the existence of Λ(h), for a given h (Corollary 1).

In Section 3, we introduce the notion of approximating class (say A); we define
a function lA in terms of this class, and give conditions in order that large deviation
lower (resp. upper) bounds hold with the function lA, assuming the existence of Λ(·)
on A (Proposition 2 and Proposition 3). When all the above conditions hold, we prove
that lA is lower semi-continuous, and that these conditions are also necessary when
X is completely regular (Theorem 3); this case gives rise to various corollaries which
improve known results.
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1.1 Notations

Throughout the paper, X is a topological space without others hypotheses than those
explicitly stated, in particular X need not satisfy any separation axiom. The Hausdorff
property is not included in the definitions of regular, completely regular, normal and
compact; in particular, the points being not necessarily closed, normality does not
imply regularity (in [2], the Hausdorff property is implicitly included in the definition
of normality, although it is used only in the last section of the paper). Let F (resp. G)
denote the set of closed (resp. open) subsets of X. The closure and interior of a set

Y ⊂ X are respectively denoted by Y and
◦
Y . The L∞-norm on the set of real-valued

bounded Borel functions on X is denoted by || · ||.
By definition, (µα) satisfies a large deviation principle with powers (tα) if there

exists a [0,+∞]-valued function l on X such that

lim supµtαα (F ) ≤ sup
x∈F

e−l(x) for all F ∈ F (1)

and
sup
x∈G

e−l(x) ≤ lim inf µtαα (G) for all G ∈ G. (2)

The lower regularization
◦
l of l (i.e. the greatest lower semi-continuous function lesser

than l) is called a rate function for (µtαα ), which is said to be tight when it has compact
level sets. When F in (1) is replaced by the set of compact subsets of X (in which case
it is assumed that compact sets are Borel sets), we say that a vague large deviation
principle holds. When (1) (resp. (2)) holds, we say that (µα) satisfies the large deviation
upper (resp. lower) bounds with the function l.

2 Variational formula for Λ(·)
In [2], we have given a general variational form of Λ(·), which yields to a criterion
of existence of Λ(·) on Cb(X) when X is normal. We will need in the sequel a suffi-
cient condition for the existence of Λ(h) for a given [−∞,+∞[-valued bounded above
continuous function h on X, with X general. In this section, we obtain a variational
formula for Λ(·), and get in Corollary 1 the desired condition, valid moreover for all
[−∞,+∞[-valued Borel measurable functions on X satisfying the tail condition (3).

For each map h : X → [−∞,+∞[ we put Fhλ,ε = {x : λ − ε ≤ eh(x) ≤ λ + ε} and

Ghλ,ε = {x : λ − ε < eh(x) < λ + ε} for all λ ≥ 0 and for all ε > 0. We denote by
CT (X) (resp. BT (X)) the set of [−∞,+∞[-valued continuous (resp. Borel measurable)
functions on X satisfying

lim
M→∞

lim supµtαα (eh/tα1{eh>M}) = 0. (3)

We first recall the following variational form of Λ(·) obtained in [2].

Theorem 1 For each h ∈ BT (X), there exists M ∈]0,∞[ such that

eΛ(h) = sup
λ≥0,ε>0

{(λ−ε) lim supµtαα (Fhλ,ε)} = sup
{x∈X,ε>0:ε<eh(x)≤M}

{(eh(x)−ε) lim supµtαα (Gheh(x),ε)}.

We give now the following analogue for Λ(·).
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Theorem 2 For each h ∈ BT (X), there exists M ∈]0,∞[ such that

eΛ(h) = lim inf sup
λ≥0,ε>0

{(λ− ε)µtαα (Fhλ,ε)} (4)

= lim
ε→0

lim inf sup
{0<eh≤M}

{eh(x)µtαα (Gheh(x),ε)}. (5)

Proof. Put g = eh, Gλ,ε = Ghλ,ε, Fλ,ε = Fhλ,ε for all λ ≥ 0 and for all ε > 0. For all
M ≥ 0, for all N ∈ N∗ and for all 1 ≤ j ≤ N , we define

FM,N,j = {x : (j − 1)M/N ≤ g(x) ≤ jM/N}.

We have
µtαα (g1/tα) ≥ µtαα (g1/tα1Fλ,ε) ≥ (λ− ε)µtαα (Fλ,ε)

for all λ ≥ 0 and for all ε > 0, and so

lim inf µtαα (g1/tα) ≥ lim inf sup
λ≥0,ε>0

{(λ− ε)µtαα (Fλ,ε)}

≥ lim
ε→0

lim inf sup
{g≤M}

{g(x)µtαα (Gg(x),ε)},

for all M ∈]0,∞[. Thus, in order to prove (4) and (5), we have to prove that

lim inf µtαα (g1/tα) ≤ lim
ε→0

lim inf sup
{g≤M}

{g(x)µtαα (Gg(x),ε)} (6)

for some M ∈]0,∞[. We have for each M ∈]0,∞[,

lim inf µtαα (g1/tα) ≤ lim inf(

N∑
j=1

µα(g1/tα1FM,N,j ) + µα(g1/tα1{g>M}))
tα

≤ lim inf{ max
1≤j≤N

µtαα (g1/tα1FM,N,j ) ∨ µ
tα
α (g1/tα1{g>M})},

and so

lim inf µtαα (g1/tα) ≤ lim inf{ max
1≤j≤N

‖g1FM,N,j‖µ
tα
α (FM,N,j) ∨ µtαα (g1/tα1{g>M})}. (7)

Let M →∞, N →∞ in (7) and use (3) to obtain some M0 ∈]0,∞[ such that

lim inf µtαα (g1/tα) ≤ lim inf
N→∞

lim inf max
1≤j≤N

{‖g1FM0,N,j
‖µtαα (FM0,N,j)}.

Thus, to obtain (6) it suffices to show that

lim inf
N→∞

lim inf max
1≤j≤N

{‖g1FM0,N,j
‖µtαα (FM0,N,j)}

≤ lim
ε→0

lim inf sup
{g≤M0}

{g(x)µtαα (Gg(x),ε)}. (8)

For all ν > 0, for all 0 < ε < ν, for all λ ∈ [0,M0], and for all N > M0/ε we have

‖g1FM0,N,jλ
‖µtαα (FM0,N,jλ) ≤ (λ+ ν)µtαα (Gλ,ε) (9)
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where jλ is such that λ ∈ [(jλ − 1)M0/N, jλM0/N ] (since [(jλ − 1)M0/N, jλM0/N ] ⊂
]λ − ε, λ + ε[). When λ ranges over [0,M0], jλ ranges over {j : 1 ≤ j ≤ N}, and (9)
implies

max
1≤j≤N

{‖g1FM0,N,j
‖µtαα (FM0,N,j)}

≤ sup
0≤λ≤M0

{(λ+ ν)µtαα (Gλ,ε)} (10)

for all ε < ν and for all N > M0/ε. Notice that for all N ∈ N∗ and for all 1 ≤ j ≤ N ,
if FM0,N,j 6= ∅ then j = jg(x) for some x ∈ X. Thus, it suffices to consider λ ∈ {g(x) :
x ∈ X, g(x) ≤M0} on the L.H.S. of (10), which then implies

lim inf
N→∞

lim inf max
1≤j≤N

{‖g1FM0,N,j
‖µtαα (FM0,N,j)}

≤ lim inf sup
{g≤M0}

{(g(x) + ν)µtαα (Gg(x),ε)}. (11)

for all ε < ν. Let first ε→ 0 and next ν → 0 in (11) to get (8). It follows that (6), (4)
and (5) hold.

Corollary 1 Let h ∈ BT (X) (resp. h ∈ CT (X)). If γ : {Fhλ,ε : λ ≥ 0, ε > 0} ∪ {Ghλ,ε :
λ ≥ 0, ε > 0} → [0, 1] is a map satisfying

lim supµtαα (Fhλ,δ) ≤ γ(Fhλ,δ) ≤ γ(Ghλ,ε) ≤ lim inf µtαα (Ghλ,ε) (12)

(resp. lim supµtαα (
◦

Fhλ,δ) ≤ γ(Fhλ,δ) ≤ γ(Ghλ,ε) ≤ lim inf µtαα (Ghλ,ε)) (13)

for all reals λ > ε > δ > 0, then Λ(h) exists and

eΛ(h) = sup
λ≥0,ε>0

{(λ− ε)γ(Fhλ,ε)} = sup
M≥λ>ε>0

{(λ− ε)γ(Ghλ,ε)} (14)

for some real M .

Proof. Let γ : {Fhλ,ε : λ ≥ 0, ε > 0} ∪ {Ghλ,ε : λ ≥ 0, ε > 0} → [0, 1] satisfying (12)
(resp. (13)). If Λ(h) does not exist, then by Theorem 1 and Theorem 2, there exists
λ0 > ε0 > 0 and ν > 0 such that for all λ ≥ 0 and for all ε > 0, we have

(λ0 − ε0) lim supµtαα (Ghλ0,ε0) > ν + (λ− ε) lim inf µtαα (Fhλ,ε), (15)

and by taking λ = λ0 and ε0 < ε < min{ε0 + ν, λ0} in (15), we get

(λ0 − ε0) lim supµtαα (Ghλ0,ε0) > (λ0 − ε0) lim inf µtαα (Fhλ0,ε),

which contradicts (12) (resp. (13), since
◦

Fhλ0,ε0⊃ Ghλ0,ε0 and Fhλ0,ε ⊃ Ghλ0,ε
if h is

continuous). Thus Λ(h) exists, and by Theorem 1 and Theorem 2 we have

sup
λ≥0,ε>0

{(λ− ε)γ(Ghλ,ε)} ≤ eΛ(h) ≤ sup
λ≥0,ε>0

{(λ− ε)γ(Fhλ,ε)}.

Suppose that

sup
λ≥0,ε>0

{(λ− ε)γ(Fhλ,ε)} > sup
λ≥0,ε>0

{(λ− ε)γ(Ghλ,ε)}+ ν
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for some ν > 0. Then, there exists λ0 > ε0 > 0 such that

(λ0 − ε0)γ(Fhλ0,ε0) > (λ0 − ε+ ν)γ(Ghλ,ε). (16)

Take ε0 < ε < min{ε0 + ν, λ0} in (16), and obtain

γ(Fhλ0,ε0) > γ(Ghλ0,ε)

which contradicts (12) (resp. (13)), so that (14) holds.

3 Approximating class, lower and upper bounds

In this section, we consider the set X0 of points x ∈ X such that x can be distinguished
from any closed set F not containing x, in the sense of (17); an approximating class
is then a class of functions distinguishing any such pair (x, F ). Minimal requirements
are made, in particular an approximating class need not contain the constants, neither
be stable by finite minima, nor satisfy the two-points property. When X is completely
regular (i.e., X0 = X by Proposition 1), each set of (x, F )-Urysohn maps (where F
ranges over F and x over X\F ) gives rise to such a class. For any approximating class
A, we define a function lA in terms of this class, and give conditions in order that large
deviation lower (resp. upper) bounds hold with the function lA (Proposition 2 and
Proposition 3).

Definition 1 Let X0 be the set of points x of X such that for each G ∈ G containing
x, each real s > 0, and each real t > 0, there exists h ∈ Cb(X) such that

e−t1{x} ≤ eh ≤ 1G ∨ e−s. (17)

A class A of [−∞,+∞[-valued continuous functions on X is said to be approximating
if for each x ∈ X0, each G ∈ G containing x, each real s > 0, and each real t > 0, A
contains some function satisfying (17). We then put

−lA(x) = sup
t>0

inf
{h∈A∩CT (X):h(x)≥−t}

Λ(h) for all x ∈ X0,

−lA(x) = inf
G⊃{x},G∈G

inf
0<s<∞

sup
AG,s

Λ(h) for all x ∈ X\X0,

where

AG,s =
⋃

x∈G∩X0,t>0

{h ∈ A : eh ≤ 1G ∨ e−s, h(x) ≥ −t} for all G ∈ G and s ∈]0,+∞[.

Remark 1 Let A be an approximating class. For each G ∈ G, we have AG,s = ∅ for
some real s > 0 if and only if AG,s = ∅ for all reals s > 0 if and only if G ⊂ X\X0; in
particular, lA(x) = +∞ for all x ∈ X\X0.

Although the definition of A does not imply any separation axiom for X, we have
however the following.

Proposition 1 X is completely regular if and only if X0 = X.
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Proof. Let X be completely regular. For each G ∈ G and each x ∈ G, there exists
hG,x ∈ Cb(X) such that 1{x} ≤ hG,x ≤ 1G. Then, 1{x} ≤ eshG,x−s ≤ 1G ∨ e−s for each
real s > 0, so that the set {shG,x − s : G ∈ G, x ∈ G, s ∈]0,∞[} is an approximating
class in Cb(X), whence X0 = X. Suppose that X = X0, and let A be an approxi-
mating class. For each G ∈ G, each x ∈ G and each t > 0, let hG,x,s,t ∈ A such that
e−t1{x} ≤ ehG,x,s,t ≤ 1G ∨ e−s. Then, {((hG,x,2,1 ∨ −2) ∧ −1) + 2 : G ∈ G, x ∈ G} is
a set of [0, 1]-valued functions in Cb(X), which distinguishes points and closed sets, so
that X is completely regular ([5], pp. 117).

Example 1 If X is regular normal and second countable, then X has a countable
approximating class: let G0 be a countable basis of the topology of X; for each G ∈ G0

and x ∈ G, there exists G′ ∈ G0 satisfying x ∈ G′ ⊂ G′ ⊂ G, and the set {nhG,G′ − n :

hG,G′ ∈ Cb(X), 1G′ ≤ hG,G′ ≤ 1G, G ∈ G0, G
′ ∈ G0, G′ ⊂ G,n ∈ N} makes the job.

Example 2 If X is metric with metric d, then the set {hG,x,s;G ∈ G, x ∈ G} where

hG,x,s(y) = −s( d(x,y)
d(x,Gc)

∧1) for all y ∈ X, is an approximating class of bounded Lipschitz
continuous functions.

The existence of Λ(·) on an approximating class A implies large deviation lower
bounds with the function lA, as shows the following.

Proposition 2 For each approximating class A, we have

− inf
x∈G

lA(x) ≤ inf
0<s<∞

sup
AG,s

Λ(h) for all G ∈ G. (18)

If Λ(h) exists for all h ∈ A, then

− inf
x∈G

lA(x) ≤ inf
0<s<∞

sup
AG,s

Λ(h) ≤ lim inf tα logµα(G) for all G ∈ G. (19)

Proof. If
−lA(x) > inf

0<s<∞
sup

h∈AG,s
Λ(h)

for some G ∈ G and some x ∈ G, then x ∈ X0 and there exists some reals s0 > 0 and
t0 > 0 such that

inf
{h∈A∩CT (X):h(x)≥−t0}

Λ(h) > sup
h∈AG,s0

Λ(h) (20)

Since A is approximating, {h ∈ AG,s0 : h(x) ≥ −t0} is nonempty, and (20) gives the
contradiction. Therefore, (18) holds. Suppose that Λ(h) exists for all h ∈ A. Let
G ∈ G. If G ⊂ X\X0, then (19) holds obviously. Suppose that G 6⊂ X\X0. If

ν < inf
0<s<∞

sup
h∈AG,s

eΛ(h)

for some real ν, then for each real s there exists hs ∈ AG,s such that

ν < eΛ(hs) ≤ e−s + lim inf µtαα (G).

When s→ +∞ we obtain
ν ≤ lim inf µtαα (G),
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and so
lim inf µtαα (G) ≥ inf

0<s<∞
sup

h∈AG,s
eΛ(h)

which gives (19).

Lemma 1 Suppose that for all F ∈ F , for all open covers {Gi : i ∈ I} of F and for
all ε > 0, there exists a finite set {Gi1 , ..., GiN } ⊂ {Gi : i ∈ I} such that

lim supµtαα (F )− lim supµtαα (
⋃

1≤j≤N

Gij ) < ε. (21)

Then, supj∈L Λ(hj) = Λ(
∨
j∈L hj) for all families {hj : j ∈ L} ⊂ CT (X) such that∨

j∈L hj ∈ C
T (X).

Proof. Let {hi : i ∈ I} ⊂ CT (X) such that h =
∨
i∈I hi ∈ C

T (X). If

Λ(h) > sup
i∈I

Λ(hi),

then by Theorem 1 there exists λ0 ≥ 0, ε0 > 0 and ν > 0 such that

(λ0 − ε0) lim supµtαα (Ghλ0,ε0) > sup
i∈I

sup
λ≥0,ε>0

{(λ− ε) lim supµtαα (Fhiλ,ε)}+ ν

> sup
i∈I

sup
λ≥0,ε>0

{(λ− ε) lim supµtαα (Ghiλ,ε)}+ ν

> sup
i∈I

sup
ε>0
{(λ0 − ε+ ν/2) lim supµtαα (Ghiλ0,ε

)}+ ν/2. (22)

Take ε0 < ε < ε0 + ν/2 in (22) and obtain

(λ0 − ε0) lim supµtαα (Ghλ0,ε0) > (λ0 − ε0) sup
i∈I

lim supµtαα (Ghiλ0,ε
) + ν/2. (23)

Put F = Fhλ0,ε0 , Gi = Ghiλ0,ε
for all i ∈ I, and notice that F ⊂

⋃
i∈I Gi. Since

F ⊃ Ghλ0,ε0 we obtain by (23)

lim supµtαα (F ) > sup
i∈I

lim supµtαα (Gi) + ν/2,

and so
lim supµtαα (F ) > lim supµtαα (

⋃
1≤j≤N

Gij ) + ν/2,

for all finite subsets {Gij : 1 ≤ j ≤ N} ⊂ {Gi : i ∈ I}, which contradicts (21). Thus,

Λ(h) ≤ sup
i∈I

Λ(hi).

Let us now look for sufficient conditions in order that large deviation upper bounds
hold with the function lA.
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Proposition 3 If for all F ∈ F , for all open covers {Gi : i ∈ I} of F ∩X0 and for all
ε > 0, there exists a finite set {Gi1 , ..., GiN } ⊂ {Gi : i ∈ I} such that

lim supµtαα (F )− lim supµtαα (
⋃

1≤j≤N

Gij ) < ε, (24)

then the large deviation upper-bounds hold with the function lA, for each approximating
class A; if moreover X is completely regular, and A ⊂ Cb(X), then

− inf
x∈G

lA(x) = inf
0<s<∞

sup
AG,s

Λ(h) for all G ∈ G. (25)

Proof. Let A be an approximating class, and put f = e−lA . Suppose that

δ > ν + sup
x∈F

f(x)

for some F ∈ F , and some reals δ, ν > 0 with ν < 1. Then, for each x ∈ F ∩X0 there
exists hx ∈ A ∩ CT (X) such that log(1− ν) < hx(x) ≤ 0 and

δ > ν + eΛ(hx),

that is by Theorem 1,

δ > ν + sup
x∈F

sup
λ≥0,ε>0

{(λ− ε) lim supµtαα (Fhxλ,ε)}. (26)

By taking λ = 1 and ε = ν in (26), we obtain

δ > sup
x∈F

lim supµtαα (Fhx1,ν) ≥ sup
x∈F

lim supµtαα (Ghx1,ν).

Since F ∩X0 ⊂
⋃
x∈F G

hx
1,ν , the hypothesis implies

δ > lim supµtαα (F ),

and so
lim supµtαα (F ) ≤ sup

x∈F
f(x) (27)

for all F ∈ F , which proves the first assertion. Suppose that X is completely regular,
and A ⊂ Cb(X). If (25) does not hold, then

sup
x∈G

f(x) < inf
0<s<∞

sup
AG,s

eΛ(h)

for some G ∈ G, by Proposition 2. Since X0 = X by Proposition 1, for each x ∈ G,
each real s > 0 and each real t > 0, there exists hx,t ∈ A ∩ CT (X) with hx,t(x) ≥ −t,
and hs ∈ AG,s such that

Λ(hx,t) < ν < Λ(hs) (28)

for some real ν. Since A ⊂ Cb(X), there exists a real s0 > 0 such that −s0 <
infy∈X supx∈G,t>0 hx,t(y), and hs0 ≤

∨
x∈G,t>0 hx,t (clearly, hs0(y) ≤ supx∈G,t>0 hx,t(y)

if y 6∈ G; if hs0(y0) > supx∈G,t>0 hx,t(y0) for some y0 ∈ G, then hs0(y0) > supt>0 hy0,t(y0) ≥
supt>0−t ≥ 0 which gives the contradiction). Put kx,t = hs0 ∧ hx,t for all x ∈ G and
all t > 0, so that

∨
x∈G,t>0 kx,t = hs0 . Since X0 = X, the hypothesis is equivalent to

the one of Lemma 1; it follows that

Λ(hs0) = sup
x∈G,t>0

Λ(kx,t) ≤ sup
x∈G,t>0

Λ(hx,t) ≤ ν,

which contradicts (28). Thus, (25) holds.
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Proposition 4 Let X be completely regular and suppose that the compact sets are
Borel sets. If Λ(·) exists on some approximating class A, then (µα) satisfies a vague

large deviation principle with powers (tα) and rate function
◦
lA.

Proof. By Proposition 2, it suffices to show that

lim supµtαα (K) ≤ sup
K
e−lA (29)

for all compact sets K ⊂ X. The proof of (29) is then similar to the one of the upper-
bounds in Proposition 3: we use the compactness of K in place of (24).

By Proposition 2 and Proposition 3, the existence of Λ(·) on an approximating

class A together with (24) imply a large deviation principle with rate function
◦
lA;

the following theorem shows that lA is in fact lower semi-continuous; moreover, these
conditions are also necessary when X is completely regular.

Theorem 3 Let A be an approximating class, and consider the following statements:

(i) (µα) satisfies a large deviation principle with powers (tα).

(ii) For all F ∈ F , for all open covers {Gi : i ∈ I} of F ∩X0 and for all ε > 0, there
exists a finite set {Gi1 , ..., GiN } ⊂ {Gi : i ∈ I} such that

lim supµtαα (F )− lim inf µtαα (
⋃

1≤j≤N

Gij ) < ε.

(iii) Λ(h) exists for all h ∈ A, and for all F ∈ F , for all open covers {Gi : i ∈ I} of
F ∩ X0 and for all ε > 0, there exists a finite set {Gi1 , ..., GiN } ⊂ {Gi : i ∈ I}
such that

lim supµtαα (F )− lim supµtαα (
⋃

1≤j≤N

Gij ) < ε. (30)

Then,

(a) (ii) ⇒ (iii) ⇒ (i), and the three conditions are equivalent when X is completely
regular.

(b) If (iii) holds, then (i) holds with rate function lA, and

− inf
x∈G

lA(x) = inf
0<s<∞

sup
h∈AG,s

Λ(h) for all G ∈ G.

Proof. (a) Clearly, (ii)⇒ (iii) by Corollary 1. Suppose that (iii) holds. By Proposi-
tion 2 and Proposition 3, we have

lim supµtαα (F ) ≤ sup
F
e−lA ≤ sup

G
e−lA ≤ inf

0<s<∞
sup
AG,s

eΛ(h) ≤ lim inf µtαα (G) (31)

for all F ∈ F , G ∈ G with F ⊂ G, so that (i) holds with rate function
◦
lA. Suppose

that X is completely regular. If (i) holds with some rate function J , then by Corollary
1, Λ(h) exists for all h ∈ A. For each F ∈ F , each open cover {Gi : i ∈ I} of F and
each ε > 0, we have

lim supµtαα (F ) ≤ sup
F
e−J ≤ sup⋃

i∈IGi

e−J = sup
i∈I

sup
Gi

e−J < sup
i∈I

lim inf µtαα (Gi) + ε,

10



which implies (ii), since X0 = X by Proposition 1.

(b) If (iii) holds, then we have seen above that (i) holds with rate function
◦
lA. Put

f = e−lA , and suppose that

f(x) + ν < inf
G⊃{x},G∈G

inf
0<s<∞

sup
AG,s

eΛ(h)

for some x ∈ X and some 0 < ν < 1. Then, x ∈ X0, and there exists hx ∈ A ∩ CT (X)
with log(1− ν) < hx(x) ≤ 0 such that

eΛ(hx) + ν < inf
G⊃{x},G∈G

inf
0<s<∞

sup
AG,s

eΛ(h). (32)

On the other hand, by (31) we have

lim supµtαα (Fhxλ,δ) ≤ sup
y∈Ghx

λ,ε

f(y) ≤ inf
0<s<∞

sup
A
G
hx
λ,ε

,s

eΛ(h) ≤ lim inf µtαα (Ghxλ,ε)

for all reals λ, ε, δ with λ > ε > δ > 0, and so by Corollary 1 (with γ(Ghxλ,ε) =

inf0<s<∞ supA
G
hx
λ,ε

,s

eΛ(h)), we obtain

eΛ(hx) = sup
λ≥0,ε>0

{(λ− ε) inf
0<s<∞

sup
A
G
hx
λ,ε

,s

eΛ(h)},

and by (32),

sup
λ≥0,ε>0

{(λ− ε) inf
0<s<∞

sup
A
G
hx,
λ,ε

,s

eΛ(h)}+ ν < inf
G⊃{x},G∈G

inf
0<s<∞

sup
AG,s

eΛ(h). (33)

Take λ = 1 and ε = ν in (33) and obtain

inf
0<s<∞

sup
A
G
hx
1,ν ,s

eΛ(h) < inf
G⊃{x},G∈G

inf
0<s<∞

sup
AG,s

eΛ(h)

with x ∈ Ghx1,ν , which gives the contradiction; by Proposition 2, it follows that

f(x) = inf
G⊃{x},G∈G

sup
y∈G

f(y) = inf
G⊃{x},G∈G

inf
0<s<∞

sup
AG,s

eΛ(h);

in particular lA is lower semi-continuous. Now, suppose that

sup
G
f + ν < inf

0<s<∞
sup
AG,s

eΛ(h) (34)

for some G ∈ G and some ν > 0. By the tightness-free version of Varadhan’s theorem
(see Remark 4), eΛ(h) = supX e

hf for all h ∈ CT (X). For each real s > 0, there exists
h ∈ AG,s such that

sup
G
f + ν < sup

X
ehf ≤ sup

G
f ∨ e−s1

X\G,

which gives the contradiction when s → +∞. Thus, supG f = inf0<s<∞ supAG,s e
Λ(h)

for all G ∈ G, and (b) holds.
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In most cases (see Examples 1, 2 and 3), the approximating class satisfies the
condition of the following corollary. When A = Cb(X), we then encounter a more
familiar expression of the rate function since (36) is then equivalent to

J(x) = sup
h∈Cb(X)

{h(x)− Λ(h)}. (35)

Indeed, we have proven in [2] (Theorem 4.1) that for X normal Hausdorff, a large
deviation principle is always governed by a rate function satisfying (35); this was known
before under exponential tightness assumption (Remark 4) (recall that here as in [2],
J is not assumed to be tight). Corollary 2 strengthens this result by relaxing the
hypotheses on the topology, and by allowing A in (36) to be a suitable approximating
class in place of Cb(X). It follows that for any approximating class A and X completely
regular, the form of a rate function, which is always given by lA (Theorem 3), generalizes
(35).

Corollary 2 Let X be completely regular. If (µα) satisfies a large deviation principle
with powers (tα) and rate function J , then

J(x) = lA(x) = sup
h∈A∩CT (X),h(x)=0

{−Λ(h)}, (36)

and
− inf
x∈G

J(x) = inf
0<s<∞

sup
h∈A0

G,s

Λ(h) for all G ∈ G, (37)

for any approximating class A such that for each G ∈ G, each x ∈ G, and each real
s > 0, there exists h ∈ A satisfying eh ≤ 1G ∨ e−s and h(x) = 0, where

A0
G,s =

⋃
x∈G

{h ∈ A : eh ≤ 1G ∨ e−s, h(x) = 0}. (38)

Proof. Put f = e−J , and define f0(x) = inf{h∈A∩CT (X):h(x)=0} e
Λ(h) for all x ∈ X. By

the uniqueness of the rate function on completely regular spaces, we have by Theorem
3, f(x) = supt>0 inf{h∈A∩CT (X):h(x)≥−t} e

Λ(h) for all x ∈ X, with clearly, f ≤ f0.
Suppose that f(x) < ν < f0(x) for some x ∈ X and some real ν. By Corollary 3.4 in
[2], we have

eΛ(h) = sup
X
ehf (39)

for all h ∈ CT (X). Since f is upper semi-continuous, {f < ν} is open and so, by hy-
pothesis, for each real s > 0 there exists hs ∈ A∩ CT (X) such that ehs ≤ 1{f<ν} ∨ e−s
and hs(x) = 0. Then, ν < inf0<s<∞ supX e

hsf = inf0<s<∞max{sup{f<ν} e
hsf, e−s},

which gives the contradiction when s→ +∞. Thus, f = f0 and (36) holds. Then, (37)
is a direct consequence of (39) and Theorem 3 (b).

Corollary 3 If X is completely regular and compact, then for any approximating class
A, the following statements are equivalent:

(i) (µα) satisfies a large deviation principle with powers (tα).

(ii) lim supµtαα (F ) ≤ lim inf µtαα (G) for all F ∈ F , G ∈ G with F ⊂ G.

(iii) Λ(h) exists for all h ∈ A.
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Proof. (i)⇒ (ii) is clear, and (ii)⇒ (iii) follows from Corollary 1. If (iii) holds, then
the condition (iii) of Theorem 3 holds since X is compact and X0 = X, so that (i)
holds.

The following definition generalizes the notion of τ -smoothness and tightness for a
net of measures ([10]). The tightness of the net (µαα)α>0 (resp. (µ

1/n
n )n∈N∗) is usually

called the exponential tightness of the net (µα)α>0 (resp. (µn)n∈N∗); when there is
no ambiguity about the net of powers, ”exponential tightness (resp. smoothness)” will
mean ”tightness (resp. smoothness) of (µtαα )”.

Definition 2

• The net (µtαα ) is τ -smooth if for all open covers {Gi : i ∈ I} of X and for all ε > 0,
there exists a finite set {Gi1 , ..., GiN } ⊂ {Gi : i ∈ I} such that

lim supµtαα (X\
⋃

1≤j≤N

Gij ) < ε.

• The net (µtαα ) is tight if for all ε > 0 there exists a compact Borel set K ⊂ X such
that

lim supµtαα (X\K) < ε.

For X completely regular, the condition (iii) in the following corollary (which is
exactly the set-theoretical condition in (iii) of Theorem 3 with X = X0) is in general
strictly weaker than the tightness of (µtαα ) since it is also necessary for large deviations.
In particular, (b) improves Bryc’s theorem (see Remark 4).

Corollary 4 Consider the following statements:

(i) (µtαα ) is tight.

(ii) (µtαα ) is τ -smooth.

(iii) For all F ∈ F , for all open covers {Gi : i ∈ I} of F and for all ε > 0, there exists
a finite set {Gi1 , ..., GiN } ⊂ {Gi : i ∈ I} such that

lim supµtαα (F )− lim supµtαα (
⋃

1≤j≤N

Gij ) < ε. (40)

Then,

(a) (i) ⇒ (ii) ⇒ (iii). If X is locally compact and either Hausdorff or regular, then
(i)⇔ (ii).

(b) If X is completely regular and Λ(·) exists on some approximating class A, then
any above condition implies a large deviation principle with powers (tα) and rate
function

lA(x) = inf
t>0

sup
{h∈A∩CT (X):h(x)≥−t}

{−Λ(h)} for all x ∈ X. (41)

Proof. (i) ⇒ (ii) is clear. Suppose that (ii) holds. Let F ∈ F , {Gi : i ∈ I} be an
open cover of F , and ε > 0. Then,

⋃
i∈I Gi ∪X\F is an open cover of X, and so there

is a finite subset {Gi1 , ..., GiN } ⊂ {Gi : i ∈ I} such that

lim supµtαα (X\(
⋃

1≤j≤N

Gij ∪X\F )) = lim supµtαα (F\
⋃

1≤j≤N

Gij ) < ε,
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which implies (40), and (iii) holds; when X is locally compact and either Hausdorff or
regular, there exists a basis of relatively compact open sets ([5]), and the τ -smoothness
property with this basis gives (i); this proves (a). Since X = X0 for X completely
regular, (b) follows from (a) and Theorem 3.

Example 3 Let X be completely regular. Suppose that (µtαα ) satisfies the condition
(iii) of Corollary 4, and Λ(n·) exists on a set of Urysohn functions A′ = {hG,x : G ∈
G, x ∈ G, 1{x} ≤ hG,x ≤ 1G} for each n ∈ N∗. Then, Λ(·) exists on the approximating
class A = {nh−n;h ∈ A′, n ∈ N∗}, which moreover satisfies the hypothesis of Corollary
2, so that a large deviation principle holds with rate function

J(x) = sup
{h∈A′,n∈N∗;h(x)=1}

{n− Λ(nh)}.

Note thatA being not necessarily stable by finite minima, even in presence of Hausdorff-
ness and exponential tightness, the strong form of Bryc’s theorem with a well-separating
class in place of Cb(X) (see Remark 4) does not apply; the finite minima property is
however a crucial argument in it’s proof.

The following corollary is a Prohorov-type result where the tightness of (µtαα ) is
replaced by the τ -smoothness. The net version is the analogue for large deviations
of a Topsøe’s theorem which states that an eventually bounded net of positive Borel
measures on a regular Hausdorff space is narrowly compact if it is τ -smooth ([10],
Theorem 9.2); a somewhat stronger result for X normal Hausdorff is given in [2] (see
Remark 3).

Suppose now that the directed set defining the net (µtαα ) has a cofinal sequence; if
X is regular normal second countable and (µtαα ) is τ -smooth, it follows from Example 1

that a large deviation principle holds for some subsequence (µ
tαn
αn ); when X is regular

Hausdorff second countable and (µtαα ) is tight, this is well known ([3], Lemma 4.1.23;
[6], [8] and [4] for (µtαα ) a sequence and X Polish); whatever the proofs, these results
are all obtained by using in a crucial way the exponential tightness assumption, so that
the Hausdorff hypothesis cannot be dropped. Since there exist non Hausdorff spaces
satisfying conditions of Example 1 ([9]), it follows that under normality assumption, the
sequential version of Corollary 5 improves them by weakening the tightness hypothesis
and allowing no Hausdorff spaces (see Remark 3 (b)).

Corollary 5 Let X be completely regular. If (µtαα )α∈℘ is τ -smooth, then (µα) has a
subnet (µβ) satisfying a large deviation principle with powers (tβ). If moreover X has
an approximating class which is separable with respect to the uniform metric, and ℘
has a cofinal sequence, then (µβ) can be chosen as a sequence.

Proof. Let A be an approximating class, and define Λα(h) = log µtαα (eh/tα) for all
h ∈ A. Then, (Λα(·)) is a net in the compact space [−∞,+∞]A (with the product
topology), and so there is a subnet (Λβ(·)) converging to some limit Λ′(·) on A. The

first assertion follows from Corollary 4 applied to (µ
tβ
β ). Suppose that A contains a

countable uniformly dense set D, and ℘ has a cofinal sequence (αm). Since [−∞,+∞]D

is sequentially compact, (Λαm(·)) has a subsequence (Λβ(·)) converging to some limit
Λ′(·) on D. Let h ∈ A and (hn) be a sequence in D such that lim ||h − hn|| = 0. For
each n ∈ N, we have

| logµ
tβ
β (eh/tβ )− logµ

tβ
β (ehn/tβ )| ≤ ||h− hn||
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and
Λ′(hn)− ||h− hn|| ≤ log lim inf µ

tβ
β (eh/tβ )

≤ log lim supµ
tβ
β (eh/tβ ) ≤ Λ′(hn) + ||h− hn||,

which implies that lim Λ′β(h) = Λ′(h) exists with Λ′(h) = lim Λ′(hn). The last assertion

follows by applying Corollary 4 to (µ
tβ
β ).

Remark 2 The condition (iii) in Corollary 4 has to be compared with a similar one
given in Theorem 4.1 of [2]; it is shown there that if Λ(·) exists on Cb(X) with X normal
Hausdorff, then the following condition is equivalent to large deviations:

(iii’) For all F ∈ F , for all open covers {Gi : i ∈ I} of F and for all ε > 0, there exists
a finite set {Gi1 , ..., GiN } ⊂ {Gi : i ∈ I} such that

lim inf µtαα (
◦
F )− lim supµtαα (

⋃
1≤j≤N

Gij ) < ε. (42)

Of course, (iii′) is weaker than (iii), and this is due to the assumptions of normality,
Hausdorffness and existence of Λ(·) on all continuous bounded functions, and in partic-
ular on those considered in the following interpolation property characterizing normal
spaces: if f and g are real-valued respectively upper and lower semi-continuous func-
tions on X such that f ≤ g, then there is a continuous function h satisfying f ≤ h ≤ g.

Remark 3

(a) In the same way that (ii)⇒ (iii) in Corollary 4, it is easy to see that the condition
(iii′) in Remark 2 is implied by the following one, which is weaker than the τ -
smoothness:

(ii’) For all open covers {Gi : i ∈ I} of X and for all ε > 0, there exists a finite
set {Gi1 , ..., GiN } ⊂ {Gi : i ∈ I} such that

lim supµtαα (X\
⋃

1≤j≤N

Gij ) < ε.

When X is normal Hausdorff, the first assertion of Corollary 5 holds verbatim
by replacing the τ -smoothness by (ii′) ([2], Corollary 4.4). The proof is analogue
and based on Theorem 4.1 of [2] (see Remark 2) together with (ii′) ⇒ (iii′). In
particular, the existence of Λ(·) is required on all Cb(X), and this does not allow
to get sequential versions; reducing the domain of existence of Λ(·) from Cb(X)
to approximating classes makes the job.

(b) The case where (µtαα ) is a sequence and X Polish or Hausdorff second countable is
studied in detail in [7] where large deviations for some subsequence are obtained
with a weaker condition than tightness ([7], Theorem 3.1); however, the proof
requires compact Borel sets.

Remark 4 Bryc’s theorem states that for X completely regular Hausdorff, the ex-
istence of Λ(·) on all Cb(X) together with the exponential tightness imply a large
deviation principle with (necessarily tight) rate function J satisfying (35); moreover,
Λ(h) = supx∈X{h(x)− J(x)} for all h ∈ Cb(X) ([1], [3] Theorem 4.4.2).
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(a) Clearly, Corollary 2 and Corollary 4 together strengthen the first assertion in
three ways (besides allowing general nets): by removing the Hausdorff hypothe-
sis, by weakening the exponential tightness one, and by replacing Cb(X) by any
approximating class (and (35) by (41)). The last assertion follows from the large
deviation property, and in particular it holds without any tightness or topologi-
cal hypothesis, as states the following generalization of Varadhan’s theorem ([2],
Corollary 3.4): for any topological space X and any function l : X → [0,+∞]
satisfying

lim supµtαα (F ) ≤ sup
x∈F

e−l(x) ≤ lim inf µtαα (G)

(resp. lim supµtαα (F ) ≤ sup
x∈G

e−l(x) ≤ lim inf µtαα (G))

for all F ∈ F , G ∈ G with F ⊂ G, we have Λ(h) = supx∈X{h(x) − l(x)} for all
h ∈ CT (X).

When X is normal Hausdorff and Λ(·) exists on all Cb(X), Bryc’s theorem has
been improved in [2] in a more satisfactory way since (ii′) (resp. (iii′)) implies
(resp. is equivalent to) large deviations, and is weaker than (ii) (resp. (iii)) (see
Remark 2 and Remark 3).

(b) The conclusions of Bryc’s theorem hold replacing in the hypothesis Cb(X) by a
well-separating class (i.e. a class of real-valued continuous functions, containing
the constants, stable by finite minima, and separating the points) ([3], Theorem
4.4.10); our results do not concern this variant, which is strongly based on the
exponential tightness assumption.
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