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Abstract

Let (pq) be a net of Radon sub-probability measures on R, and (¢,) be
a net in |0,1] converging to 0. Assuming that the generalized log-moment
generating function L(\) exists for all A in a nonempty open interval G, we give
conditions on the left or right derivatives of L, implying a vague (and thus
narrow when 0 € G) large deviation principle. The rate function (which can
be nonconvex) is obtained as an abstract Legendre-Fenchel transform. This
allows us to strengthen the Gartner-Ellis theorem by removing the essential
smoothness assumption. A related question of R. S. Ellis is solved.

1 Introduction

Let (pa) be a net of Radon sub-probability measures on a Hausdorff topo-
logical space X, and (fy) be a net in |0, 1] converging to 0. Let B(X) (resp.
C(X)) denote the set of [—oo, +oo[-valued Borel measurable (resp. continu-
ous) functions on X. For each h € B(X), we define

A(h) = logliminf gle (eh/te)

and
A(h) = log lim sup pte (eh/te)

where ple (M) stands for (fx @)/t (dz))te, and write A(h) when both
expressions are equal. When X = R, for each pair of reals (\,v), let hy, be
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the function defined on X by hy ,(z) = Ar if 2 <0 and hy,(z) =vrif £ >0
(we write simply hy in place of hy ). For each real A, we put L(\) = A(h))
when A(h)) exists.

A well-known problem of large deviations in R (usually stated for sequences
of probability measures) is the following: assuming that L(\) exists and is
finite for all A in an open interval G containing 0, and that the map L g is not
differentiable on G, what conditions on L do imply large deviations, and
with which rate function?

In relation with this problem, R. S. Ellis posed the following question ([4]):
assuming that A(hy,) exists and is finite for all (\,v) € R?, what conditions
on the functional A {hx:(Av)eRr2} do imply large deviations with rate function
J(z) = suppy pyere{haw(z) — A(hyy)} forall z € X 7

In this paper, we solve the above problem by giving conditions on L|g
involving only its left and right derivatives; the rate function is obtained
as an abstract Legendre-Fenchel transform A|s*, where & can be any set in
C(X) containing {hy : A € G} (Theorem 3). When & = {hy : A € G}, we
get a strengthening of the Gértner-Ellis theorem by removing the essential
smoothness assumption (Corollary 1). Taking S = {hy, : (\,v) € R?} gives
an answer to the Ellis question (Corollary 2).

The techniques used are refinements of those developed in previous au-
thor’s works ([1], [2]), where variational forms for A(h) and A(h) are obtained
with h € B(X) satisfying the usual Varadhan’s tail condition (X a general
space). We consider here the set Cx(X) of elements h in C(X) for which
{ye X :el® — ¢ < ehl¥) < eM®) 4 ¢} is compact for all z € X and € > 0
with €"®) > ¢. The first step is Theorem 2, which establishes that for any
7T C Ck(X), and under suitable conditions (weaker than vague large devia-
tions), there exist some reals m, M such that

A(h) = sup  {h(x) —li(x)} forall h e T,
ze{m<h<M}

where [ (z) = —loginf{liminf yl*(G) : # € G C X, G open} for all z € X; in
particular, A(h) exists and has the same form as when large deviations hold.
Note that when X =R and 7 = {h) : A € G} with 0 € G, then the sup in
the above expression can be taken on a compact set (if 0 € G, this follows
from the exponential tightness). It turns out that any subnet of (ul~) has a
subnet (,uf;”) satisfying the above conditions. The second step consists then
in applying Theorem 2 with X =R, 7 = {h) : A € G} and all these subnets.
More precisely, we show that if x is the left or right derivative of L at some



t
point A\, € G, then lg“”v)(x) < Mgz — L(\z), whence

19)(2) < Lig* () (1)

(Proposition 1). Let S be any set in C(X) containing {hy : A € G}, and
assume that A(h) exists for all h € S. Tt is easy to see that

t t
L|G* S A|S* S l((),u'yw) S lgﬂ'ﬂ)’ (2)
()

where l; 7 ’(z) = — log inf{lim sup 15 (G):z € G C X,Gopen}forallz € X.
Putting together (1) and (2) give

try try
Lig"(x) = As"(2) =1 (@) = 17 (@) (3)
for all z in the image of the left (resp. right) derivative of Lq; consequently,

if the set of these images contains {A|s* < +oo}, then (,ufﬂ) satisfies a vague
(narrow if 0 € G) large deviation principle with powers (t,) and rate function
Ais™, which moreover coincides with L;g* on its effective domain. Using
capacity theory, and in particular a compactness argument, we conclude that
the same result holds for the net (ufy). Furthermore, {As* < 400} can be
replaced by its interior, when A, s is proper convex and lower semi-continuous,
which is the case when & = {h) : A € G}; this allows us to improve a strong
version of Géartner-Ellis theorem given by O’ Brien.

Various generalizations are given in order to get large deviations with
a rate function coinciding with As* and Lg* only on its effective domain.
Note that all our results hold for general nets of sub-probability measures and
powers.

The paper is organized as follows. Section 2 fixes the notations and re-
call some results on large deviations and convexity; Section 3 deals with the
variational forms of the functionals A; Section 4 treats the case X = R.

2 Preliminaries

Without explicit mention, X denotes a Hausdorff topological space, (pq) a net
of Radon sub-probability measures on X, and (t,) a net in |0, 1] converging to
0. Throughout the paper, the notations A, KZ A, lp, I (introduced in Section
s

1) refer to the net (ule). We shall write liuﬁ ) when in the definition of I,
(uke) is replaced by the subnet (utﬂﬂ ). We do not make such distinction for
the map A, since it does not depend on the subnet along which the limit is
taken. We recall that [y and [; are lower semi-continuous functions.



Definition 1

(a) (uq) satisfies a (narrow) large deviation principle with powers (t) if
there exists a [0, +oco]-valued lower semi-continuous function J on X
such that

lim sup pfe (F) < sup 7@ for all closed F C X (4)
zeF

and

sup e~/@) < liminf ple (G) for all open G C X

zeG
J is a rate function for (ule), which is said to be tight when it has
compact level sets. When ”closed” is replaced by ”compact” in (4), we
say that a vague large deviation principle holds.

(b) (a) is exponentially tight with respect to (to) if for each £ > 0 there
exists a compact set K. C X such that limsup pl (X\K.) < €.

«

The following results are well-known for a net (uf):>0, with g a Radon
probability measure ([3]); it is easy to see that the proofs work also for general
nets of sub-probability measures and powers.

Lemma 1

(a) Let X be locally compact Hausdorff. Then, (1) satisfies a vague large
deviation principle with powers (t,) if and only if lo = 1. In this case,
lo is the rate function.

(b) If (pa) satisfies a vague large deviation principle with powers (to), and

(o) 1s exponentially tight with respect to (to), then (uq) satisfies a large
deviation principle with same powers and same rate function.

A capacity on X is a map ¢ from the powerset of X to [0, +oc] such that:
(i) ¢(®) =o0.
(i) e(Y) =sup{c(K): K CY,K compact} forallY C X.
(iii) ¢(K) =inf{c(G): K C G C X,G open}  for all compact K C X.

The vague topology on the set of capacities is the coarsest topology for which
the maps ¢ — ¢(Y) are upper (resp. lower) semi-continuous for all compact
(resp. open) Y C X. Let I'(X, [0, 1]) denote the set of [0, 1]-valued capacities
on X provided with the vague topology. It is clear that any Radon sub-
probability measure and any power of such a measure by a positive number
less than 1 belong to I'(X,[0,1]), so that (ul>) is a net in I'(X, [0,1]). For



each [0, 4o00]-valued lower semi-continuous function [ on X, we associate the
element ¢; in T'(X, [0,1]) defined by ¢;(Y) = sup,ey e @ for all Y € X. We
refer to [9] for the first assertion in the following lemma; the second one is
the mere transcription of the definition of a vague large deviation principle in
terms of capacities.

Lemma 2

(a) If X is locally compact Hausdorff, then T'(X,[0,1]) is a compact Haus-
dorff space.

(b) (1a) satisfies a vague large deviation principle with powers (to) and rate
function J if and only if (ule) converges to cy in T'(X,]0,1]).

For any [—o0, +oco]-valued (not necessary convex) function f defined on
some topological space, we put Dom(f) = {f < +oo} (the so-called effective
domain), and denote by intDom(f) (resp. bdDom(f)) the interior (resp.
boundary) of Dom(f). The range of f is denoted by ranf.

A [—o00, +o0]-valued convex function f on R is said to be proper if f is
| — 00, +o0]-valued and takes a finite value on at least one point. The Legendre-
Fenchel transform f* of f is defined by f*(x) = supycr{Az — f(A)} for all
x € R; note that f* is convex lower semi-continuous, and proper when f is
proper. Let I C R be a nonempty interval, and f; be a | — 0o, +-oc]-valued

convex function on I. We denote by f|\[ the convex function on R which
coincides with f|; on I, and takes the value +o00 out I; in this case we write

simply f;* in place of f‘\[* The left and right derivatives of f; at some point
r € Dom(fj;) are denoted by f|1'_(ac) and f|1'+(ac) respectively. A proper
convex function f on R is said to be essentially smooth if intDom(f) # 0, f
is differentiable on intDom(f), and lim |f/(x,)| = +oo for all sequences (z,)
in intDom( f) converging to some = € bdDom(f) ([10]).

If L(\) exists and is finite for all A in a nonempty open interval G, then
Lq is convex; if moreover 0 € G, then (u14) is exponentially tight with respect
to (o). If L(\) exists for all reals A, then L is a [—o0,4o00]-valued convex
function on R; if moreover 0 € intDom(L), then L is proper (the proof of
these facts is obtained by modifying suitably the one of Lemma 2.3.9 in [3]).

Lemma 3 Let f be a proper convex lower semi-continuous function on R.
Then,

inf f(y) = inf

ye@ yeGNintDomy(f)

for all open sets G C R.



Proof. Let G be an open subset of R. If GNDom(f) = @, then the conclusion
holds trivially (inf ) = +o00 by convention). Assume that GNDom(f) # 0. By
Corollary 6.3.2 of [10], G NintDom(f) # (). By Theorem VI1.3.2 of [5], for each
x € Dom(f) we can find a sequence (x,) in intDom(f) converging to = and
such that lim f(z,) = f(x), which implies infgrpoms) f = inmeintDom(f) 7,
and the lemma is proved since infgnpom(s) f = infe f. o

3 Variational forms for A on Ci(X)

We begin by defining a notion, which will appear as a key condition in the se-
quel; it is nothing else but a uniform version of the tail condition in Varadhan’s
theorem.

Definition 2 We say that a set 7 C B(X) satisfies the tail condition for
(uke) if for each € > 0, there exists a real M such that

lim sup p'e (eh/tﬂl{h>M}) <e forall he T.

For each h € B(X), each z € X and each ¢ > 0, we put Fn) . = {y €
X M) o < W) < M) 4g) and Ghw o = {y € X = eh@) — ¢ <
M) < M@ 4 e} The following expressions are known when (j,) is a net
of probability measures, and when 7 has only one element, say h (see [1] and
[2] for the first and the second assertion, respectively). The proofs reveal that
the constant M comes from the above tail condition (assumed to be satisfied
by h), so that the uniform versions for a general 7 follow immediately; they
moreover work as well for the sub-probability case.

Theorem 1 Let T C B(X) satisfying the tail condition for (ut). There is a
real M such that for each h € T,

A = liminf sup {(e") —e)ple (G o) )}
zeX,e>0

= lim liminf sup {e"®ple (Gon) )}
&0 we{h<M} ’
and

AW = sup {(e"®) — &) limsup ufj‘(Geh(w)’s)}

zeX,e>0

= sup  {("®) — &) limsup ple (Gon) ) }-
z€{h<M},e>0 ’

In the above expressions, G .nw) . can be replaced by Fonw) .
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Part (a) of the following theorem shows that under conditions strictly
weaker than large deviations, A(h) exists and has the same form as when large
deviations hold, since in this case the rate function coincides with /; (Lemma
1); it can be seen as a vague version of Varadhan’s theorem. Note that the
hypothesis h € Ci(X) cannot be dropped: consider a vague large deviation
principle for a net of probability measures with rate function J = +oo, take
h =0 and get A(h) = 0 and supy{h(z) — J(x)} = —oo. Note also that the
condition (4i) holds in particular when (u'e) converges in I'(X, [0, 1]).

Theorem 2 Let 7 C C(X) with X locally compact Hausdorff, and assume
that the following hold:
(i) T satisfies the tail condition for (ule).

(ii) limsup ple (K) < liminf ple (G) for each compact K C X and each open
G C X with K CG.

(iii) infrer A(R) > m for some real m.
The following conclusions hold.
(a) If T C Cx(X), then A(h) exists for all h € T, and there is a real M
such that

A(h) = sup  {h(x) —li(x)} = sup{h(xz) —li(x)} forallheT.
ze{m<h<M} zeX
(5)

(b) If (pa) is exponentially tight with respect to (t,), then A(h) exists for all
h € T, and there is a real M and a compact K C X such that

A(h) = sup {h(z)—li(z)} = sup{h(x)—li(x)} forallheT.
ze KN{m<h<M} reX
(6)

Proof. Assume T C Cx(X). By (i) and Theorem 1, there is a real M’ such
that for each h € T,

ze{h<M'+log2} zeX
< M = sup {(e"®) — &) lim sup pte (Fon@ o) }-

ze{h<M'},e>0

Put M =log2 + M’, and suppose that

sup M@ h@) 4 < sup {("®) — &) lim sup phe (Fonw )}
ze{h<M} 2e{h<M'},e>0 ’

7



for some h € T and some v > 0. Then there exists xg € {h < M’} and g9 > 0
with eh(@o) > €o such that

sup  M@emh@) < (") oy ) limsup ple (Fonge) . ) (8)
ze{h<M} 0

By continuity and local compactness, for each x € Feh(z())m, there exist some
open sets V, and V/ satisfying x € V,, C V,, C V with V, compact, and such
that e/¥) > eh®0) — o4 — v for all y € V. Note that h(z) < M for each
T € Fong) ., since eh@0) 4 ¢ < 2¢M'. By (8), for each z € Foh(zg) o, there
exist some open sets W, and W satisfying x € W, C W, C W! with W,
compact, and such that

@ lim inf pfe (W) < (M*0) — ¢y — v) lim sup /ﬂ;f‘(Feh(xO)m). 9)
Put G, =W, NV, for all x € F_ @) 0" Since Fn(zq) <, is compact, there is a
finite set A C Fn@q) ., such that Fonw) .0 C Uzea Gai thus, for some x € A

we have
(") — ¢y — v) limsup Mga(Feh(x0)7EO) < @) lim sup ple (Gy)

< @ lim sup ple (W) < @ liminf ple (W)

(e

(where the third inequality follows from (7)), which contradicts (9). There-
fore, all inequalities in (7) are equalities, that is for each h € 7, A(h) exists
and

A(h) = sup {h(z)=h(z)} = sup{h(z)=li(z)} = sup {h(z)-hL(z)},
ze{h<M} zeX ze{m<h<M}

(where the third equality follows from (éii)), which proves (a). For (b), the
above proof works verbatim replacing {h < M} and Fn@) ., by {h < M}INK
and F ehieo) o NI respectively, where K is some compact set given by the ex-
ponential tightness.

The following definition extends the usual notion of Legendre-Fenchel
transform (when X is a real topological vector space and S its topolog-
ical dual) and its generalization proposed in [4] (with X = R and § =
{hyy + (\,v) € R?}); it coincides with our preceding notations since for
S ={h) : A € G} with G a nonempty open interval, we have

Lig* (@) = sup{ra - Lic(\)} = sup{Az — L(\)} =



sup {hx(z) — A(ha)} = Ajg™ ().
{ha:AEG}

In [1] (Corollary 2), we proved that for X completely regular (not necessary
Hausdorff), a rate function has always the form A|s*, where S is any set in
C(X) stable by translation, separating suitably points and closed sets, and
such that each h € S satisfies the tail condition for (u%); this is proved in [2]
for X normal Hausdorff and S the set of all bounded continuous functions on
X (this case was known under exponential tightness hypothesis as a part of
the conclusion of Bryc’s theorem). We will identify in the next section others
sets S for which the rate function is given by As*.

Definition 3 Let S C B(X) such that A(h) exists for all h € S. The map
A|s™ defined by

As™(z) = ]slug{h(a:) —A(h)} for all z € X,
€

is the abstract Legendre-Fenchel transform of As.

4 The case X =R

In this section, we take X = R and apply Theorem 2 with 7 = {h) : A € G}
where G is a nonempty open interval. This allows us to compare the values of

ty
lg”” ) and those of Lig" on ranL|G'_ UranL|G’+, where (Mf]) is a suitable subnet

of (ule) (Proposition 1). By means of a compactness argument, we then derive
sufficient conditions for large deviations, involving only the left and right
derivatives of Lg; the rate function is given by an abstract Legendre-Fenchel
transform A|s* (Theorem 3). The strengthening of Gértner-Ellis theorem
(Corollary 1) and the solution to the Ellis question (Corollary 2) are obtained
by taking suitable S.

Proposition 1 Let \g € R, and assume that L(\) exists and is finite for all

A in an open interval G containing No. Then, (ul>) has a subnet (,utJ) such
that

lgw)(Lml,(Ao)) < XoLic" (Ao) — L(Xo)
and .
1(Li!, (M) < Mo(Li, (M) — L(o).
Whence,

t
@) < Lg'(@)  foralle € ranLig] UranLig!,.



Proof. Let G be an open interval such that \g € Gog C Gy C G. Let A\
and A2 in G\{0} such that A\; < X\ < Ay for all A € Gy. There exists v > 1
such that {yA1,7A2} C Dom(L) so that hy, and hy, satisfy (individually)
the tail condition by Lemma 4.3.8 of [3] (the proof given there for probability
measures works as well for the sub-probability case). Therefore, for each € > 0
and for each 7 € {1, 2} there exists M; . such that

lim sup ,foa (eh)‘i [t 1{/1)\1->Mi,s}) <&

Put M. = M.V M., and get for each A € Gy,

/ 6)‘x/t°‘ua(d1‘) _ / eAx/to‘Ma<d{L')+/ eAx/taMa(dx)
{z:Ax>M:} {z:Ax>M:}NR_ {z:Ae>M:}INR 4

<

Mo g (dz) + / 2t g (do),

/{93:)\11'>M1,5}0R_ {33:)\21'>M2,5}0R+

hence

VA € Gy, limsup/ﬂ;a(eh*/tal{hPMs}) <
limsup pfy ("1 /" 1y, Sy ) Vlimsup ple (PP 1y, oy, ) <

It follows that {hy : A € Go} satisfies the tail condition for (ufy). Since Lj¢ is
continuous and G compact, Lg, is bounded and in particular infyeq, L(A\) >

m for some real m. Let (,uf]) be a subnet of (ule) converging in I'(X [0,1])
(given by Lemma 2), put 7 = {hy : A € G}, and note that all the hypotheses
of Theorem 2 hold for 7 and (ui”), with moreover 7 C C(X). If Ag # 0
(say Ao > 0), then A; and Ay can be chosen such that 0 < A\; < A < Ag for
all A € Gg. Since for each real M > m, there is a compact Kjs such that
Useg,{m < ha < M} C Ky, by Theorem 2 (a) we get a compact K such
that .

L(\) = sup{Az — 1" (2)}  for all A € Gy. (10)

zeK

If Ao = 0, then (uq) (resp. (1)) is exponentially tight with respect to (tq)
(resp. (ty)), and we apply Theorem 2 (b) to get (10). Therefore, for each X €

ty
Gy there exists z) € K such that L(\) = \z) — l%’” )(x,\). Put z = L‘G;(Ao),
and let (zx4y,) be a subnet of (xa4,)r+r0eGo,a>0- Since xzxiy, € K for all
A+ Xo € Go, (zy4),) has a subnet (xyr4),) converging to some point 2’ € K
when M — 07, so that
ty

. L()\” + Ao) - L()\O) (A” + )\O)x)\//+)\0 — li'um/ )(m/\//+/\0) — L()\())

x= lim = lim
A'—0t A A0+ N

10



Y o l(l"tv’y) — L(\
0TA 4N — 1 (@aryn,) — L(No)
i Y ’

which implies 2/ = x and

— lim A ) C L) < dez — 15 () — i
0= lim Aozarir, =l (Zxrag) = L(do) < Aox =17 7(2) = L(Mo),

A0

which proves the assertion concerning L|G/+()\o)- A similar proof works for
Lig" (M) o

Theorem 3 Let S C C(X) and G C X be a nonempty open interval such
that S D {hy : A € G}, and assume that A(h) exists for all h € S with L(\)
finite for all A € G.

(a)

(b)

(¢)

If
ranL|G’_ U 1r3LnL‘G’Jr D Dom(lp) N{l1 > —K(O)}, (11)

then (pq) satisfies a vague large deviation principle with powers (t,,) and
rate function J satisfying

J(z) = L|G*(a:) = A|5*(a;) for all z € Dom(J) N {J > —A(0)}. (12)
If moreover 0 € G, then the principle is narrow and

J(r) = Lig"(v) = Ajs™(x) for all z € Dom(J). (13)
If
ranl;’ U ranL|G/+ D Dom(lp), (14)

then (po) satisfies a vague large deviation principle with powers (t,,) and
rate function J satisfying

J(r) = Lig"(v) = Ajs™(x) for all z € Dom(J). (15)

If moreover 0 € G, then the principle is narrow.

If
ranL;;’ U ranL‘G’Jr D Dom(Ais™) N{ly > —A(0)}, (16)

then (pq) satisfies a vague large deviation principle with powers (t,,) and
rate function J satisfying

J(r) = Ais™(z) for all z € {J > —A(0)}, (17)

11



and
J(r) = Lig"(v) for all € Dom(Ais*) N {J > —A(0)}. (18)
If moreover 0 € G, then the principle is narrow with J = A\s* satisfying

J(r) = Lig"(x) for all z € Dom(J). (19)
(d) If
ranLg" UranLig, D Dom(As”), (20)
then (pq) satisfies a vague large deviation principle with powers (t,,) and
rate function J = As* satisfying

J(r) = Lig"(x) for all z € Dom(J). (21)

If moreover 0 € G, then the principle is narrow.

(e) If ly is proper convex, then (a) (resp. (b)) holds verbatim replacing the
symbol Dom by intDom in (11), (12), (13) (resp. (14), (15)).

(f) If A\s™ is proper conver and lower semi-continuous, then (c) (resp. (d))
holds verbatim replacing the symbol Dom by intDom in (16), (18), (19))

(resp. (20), (21)).

Proof. For all h € § and all x € X we have by Theorem 1 (since A(h) >
A(h1<ary + (—00) 1) for all reals M),

A(h) = h(z) = sup sup {h(y) —lo(y)} — h(z)

MEeR {h<M}
> sup{h(y) —lo(y)} — h(z) = —lo(z),
yeX
so that
Lig*(z) < As™(w) <lo(w)  forallz € X. (22)

Assume that (11) holds, and let (utﬂﬁ ) be a subnet of (ul~). By Proposition 1
applied to (utﬁﬂ ) in place of (ul), (ugﬁ ) has a subnet (u?) such that

1) (2 < Lig*(z)  forall z € Dom(lp) N {li > —A(0)}.  (23)

Since
tw t»y
lo <19 <) <y, (24)

12



(22) and (23) imply for each x € Dom(ly) N {l; > —A(0)},
W (@) = 197 () = Lig* (@) = Ays™ (&) = lo(a). (25)

t t
If © ¢ Dom(lp), then 1) (z) = 1) (2) = +00 by (24). If Iy (z) < —A(0),
then , \
vy vy
147 (@) = 117 (2) = lo(x) = li () = —A(0).

try t"/
Therefore, l(()M )(a:) = l%’” )(a:) for all z € X. By Lemma 1 applied to (415),
() satisfies a vague large deviation principle with powers (t,) and rate func-
tion

A\S* ifre Dom(lo) N {ll > —K(O)}
J@)={ “K0) i) < -K©) (26)

+oo  if x & Dom(lp).

By Lemma 2 (b), (,utyw) converges to ¢y in I'(X, [0, 1]). Since (,ug’@) is arbitrary,
we have proved that any subnet of (uf) has a subnet converging vaguely to c;.
By Lemma 2 (a), it follows that (ule) converges vaguely to ¢y, which proves
the first assertion of (a) ((12) follows from (25) and (26), since J = Iy = 11).
If 0 € G, then (13) follows from (22) and (26) since —L(0) < L, and the
principle is narrow by exponential tightness. The proofs of (b),(c),(d) are
similar. Assume that [y is proper convex, and

ranL;;’ U ramL‘GlJr D intDom(lg) N {l; > —A(0)}.
In the same way as above we get for each z € intDom(lp) N {l1 > —A(0)},
try try
@) = 17 (@) = Lig* (@) = Ajs™ (@) = bo(@). (27)

ty o ty
Suppose that li“” )(x) > lo(z) for some z € {l; > —A(0)}. Since I; and lg“” )
are lower semi-continuous, there is an open set Gy containing x such that

nf s f = inf lo,
Gon{l1>—A(0)} Gon{l1>—A(0)} Gon{l1>—A(0)}nintpom(lo)

where the equality follows from Lemma 3 applied to lg and GoN{l; > —A(0)}.
t
Then, there exists y € Go N {l1 > —A(0)} NintDom(ly) such that lylvv)(y) >
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t
lo(y), which contradicts (27). We then have lguﬁ)(x) <lp(z) for all z € {l; >
~A(0)}, and by (24),

(750 DN (el DN x
Iy () =1""(z) =ly(z) for all z € {l; > —A(0)}.
Since
(7550 DN (Tieb RN _ % X
W () = 11 (@) = lo(x) = li(x) = —A(0)  for all z € {l; < —A(0)},

it follows as above that (ufe) converges vaguely to cy, with J = Iy = Iy
satisfying by (27),

J(z) = Lic"(x) = Ais™(z) for all x € intDom(J) N {J > —A(0)}. (28)
If 0 € G, then —L(0) < L;g", and by (22) and (28) we get
J(r) = Lig*(z) = Ais™ () for all € intDom(J).

This proves the assertion of (e) concerning (a); the one concerning (b) is
proved similarly. Assume that A" is proper convex lower semi-continuous,
and

ranL;’ U 1ranL|G’+ D intDom(As*) N {l1 > —A(0)}.

As above we get
try try
13" @) = 117 (@) = L (@) = Ays™ (@) (29)

for all 2 € intDom(As*)N{l1 > —A(0)}. The same reasoning as in the proof of

t
(e) (with A|s™ in place of lp) gives lg“”w)(:c) < Ajs*(x) for all z € {I; > —A(0)},
and by (22),

(1)) (1) -
ly” (z) =17 () = Nis™(w) = lo(x) for all z € {l; > —A(0)}. (30)
Since
t t
1 (z) = 1) () = ~A(0)  forall w € {l; < —A(0)},

it follows as above that (ule) converges vaguely to cy, with J satisfying (17).
Since J = [y, (29) gives

J(r) = Lig"(x) for all z € intDom(As*) N {J > —A(0)}. (31)
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Since 0 € G implies —L(0) < L¢*, by (22), (30), (31), we obtain J = As"
and
J(x) = Li¢"(v) for all z € intDom(As").

This proves the assertion of (f) concerning (c); the one concerning (d) is proved
similarly.

The standard Gértner-Ellis theorem deals with the case where (1) is a
sequence of Borel probability measures; it states that if L(\) exists for all reals
A, L is lower semi-continuous essentially smooth and 0 € intDom(L), then
(11o) satisfies a large deviation principle with powers (¢,) and rate function
L* (3], Theorem 2.3.6, [7], [6]). A stronger version has been given by O’ Brien
([8], Theorem 5.1): if L(\) exists and is finite for all A in a nonempty open
interval G and if E‘E is essentially smooth, then (u,) satisfies a vague large
deviation principle with powers (t,) and rate function L;;*; if moreover 0 € G,
then the principle is narrow. The former version is recovered by taking G =
intDom(L) (the hypotheses implying L* = L|;* with L essentially smooth).
The improvements consists in the obtention of the vague large deviations, and
in the fact that L in not assumed to exist out G (even when L exists on X,
it is not assumed to be lower semi-continuous).

The following corollary summarizes the case where S = {h) : A € G} in
Theorem 3, and where large deviations hold with rate function Li¢" (= Ais™).
It strengthens the O’ Brien’s version of Géartner-Ellis theorem by obtaining
the same conclusions, with the essential smoothness hypothesis replaced by
the weaker condition (32) (or (33) when 0 € G); in particular, there is no
differentiability assumption. Furthermore, it works for general nets of Radon
sub-probability measures.

Corollary 1 We assume that L(\) exists and is finite for all X in a nonempty
open interval G C X.

(a) If

ranL;;’ U I'al’lL|G/+ D intDom (L"), (32)

then (uq) satisfies a vague large deviation principle with powers (to) and
rate function Lig*. The condition (32) is satisfied in particular when L
1s essentially smooth.

(b) If 0 € G and
ranLc’ U ranL|G'+ D intDom(L*) N {l1 > —L(0)}, (33)

then (pq) satisfies a large deviation principle with powers (to) and rate
function Lg*.
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Proof.  (b) and the first assertion of (a) follow from Theorem 3 (f) with
S = {hx : A € G}. Assume that L is essentially smooth. Extend Lz by
continuity to a convex function L@ on G, so that I//% is a proper convex

lower semi-continuous function on X with G = intDom(f%); moreover, [/,%
is essentially smooth. By Theorem 26.1 and Corollary 26.4.1 of [10],

ranL@’ D intDom(L5"), (34)

which gives (32) since ranL g’ =ranL|g’ and Lig" = Lig- o

The solution to the Ellis question (with in fact weaker hypotheses) is a
direct consequence of Theorem 3 (c), by taking S = {hy, : (\,v) € R*}.

Corollary 2 Put S = {hy, : (\,v) € R%}, and assume that A(hy,) ewists
for all (\,v) € R? and is finite for all pairs (A, \) with X in some open interval
G containing 0. If ranL;g" ulrauaL‘G’Jr D Dom(Ais*) N{li > —L(0)}, then
(o) satisfies a large deviation principle with powers (to) and rate function
J = Ais*. Moreover,

J(r) = Lig"(x) for all z € Dom(J).

The following example is often cited as a typical case not covered by the
Gartner-Ellis theorem ([4], [8]).

Example 1 Consider the sequence (,u}/ ") where p,{—1} = p{1} = % for

all n € N. Then L()\) = |A| for all reals A\. Take S = {hy, : (\,v) € R?} and
compute

A(hyy) = —AVv for all (\,v) € R?,

sy _ | O if |z] =1
Ays™(@) _{ too if x| # 1.

Then, ranL” Uranl/ = {-1,1} D Dom(As"), and by Corollary 2, ()
satisfies a large deviation principle with powers (1/n) and rate function J =

A|s™. Since
N if |[z] <1
L (x)_{ +oo if |z| > 1,
we have J(x) = L*(z) for all z € {—1,1} = Dom(J). Note that for any
nonempty open set G C] — 1, 1],

hence

ranL;’ U 1ra,nL|G’Jr 2 intDom(Li;) N{J > 0} O] — 1, 1],

and the condition (33) of Corollary 1 does not hold.
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The following example exhibits a situation with convex rate function,
where both above corollaries do not work; we then apply theorem 3 with
another set S.

Example 2 Consider the net (ug)e>0, where . is the probability measure on
X defined by pe(0) =1 — 2p., pe(—clogp:) = pe(elogps) = pe, and assume
that limelogp. = —oo. Put Qn(z) = nlzle | — z for all n € N and all
z € X, and take S = {Q), : n € N} U {hy : A €] —1,1]}. Easy calculations
give A(Q,) =0 for all n € N, and

_J o if [A\| <1
Ly = { +00 if (A > 1,
so that
Ly () = L*(z) = || for all z € X,
and

0 ifz=0
+o0o otherwise.

A (a) = 5up{Qu(0) ~ A(QuI}V Ly 1ar(0) = {

Then, ranLj_q ;' = {0} D Dom(A|s*), and by Theorem 3 (d), (u.) satisfies
a large deviation principle with powers (¢)c»¢ and rate function J = As*.
Note that J is convex but J # L* (however, J coincides with L* on Dom(J));
in particular, L is not essentially smooth and the Gartner-Ellis theorem does
not work. Furthermore, for any nonempty open set G C| — 1,1],

{0} =ranL|;’  intDom(Li") N{J > 0} D X\{0}

and the condition (33) of Corollary 1 does not hold either. We observe also
that Corollary 2 does not apply; indeed, the set {hy, : (\,v) € R?} is not

suitable since
0 fA>—-landrv <1

+o0o otherwise

A(hyy) = {

gives Ajgn, :(ap)er2} (2) = L*(z) for all z € X.
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