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CRITERIA FOR LARGE DEVIATIONS
HENRI COMMAN

ABSTRACT. We give the general variational form of lim sup( [, €(*)/te o (dz))te
for any bounded above measurable function h on a topological space X, where
(ta) is a net of Borel probability measures on X, and ({o) a net in ]0, o]
converging to 0. When X is normal, we obtain a criterion in order to have a
limit in the above expression for all h continuous bounded, and deduce five new
criteria of a large deviation principle with not necessarily tight rate function;
this allows us to remove tightness hypothesis in various classical theorems.

1. INTRODUCTION

Let Cp(X) be the set of real valued bounded continuous functions on a topological
space X, (q) & net of Borel probability measures on X, and (¢,) a net in ]0, oo[
converging to 0. For each [—o0, +oco]-valued Borel measurable function h on X,
we write ple (e"/te) for ([ M@/t (dx))te, and define A(h) = loglim pfo (eh/te)
provided the limit exists.

The aim of this paper is to clarify the relation between the existence of A(h) for
all h € Cp(X), and the one of a large deviation principle for (uq) with powers (tq).
This problem originates from Varadhan’s theorem which states that if X is regular,
then such a principle with tight rate function J implies the existence of A(h) for all
[—00, +oo[-valued continuous functions h on X satisfying some tail condition (in
particular for all h € Cy(X)), with moreover A(h) = sup,cx{h(z) — J(z)}. This
theorem is a crucial argument in the proofs of all related results; in particular these
also hold under some tightness hypothesis (of the rate function, or of the net (pl)
i.e. exponential tightness).

We present here a new approach based on a variational representation of the
functional limsup p'e (e”/*~), and a criterion of existence of A(-) on Cy(X) when X
is normal. This leads to functional as well as set-theoretic large deviation criteria,
which allow us to remove the tightness condition in various basic results of the the-
ory; moreover, the proofs are nonstandard since there is no compactness arguments
in all the paper. Notice that all the results work for general nets of measures and
powers, and (except for Section 4 and ”(i) = (44)” in Theorem 3.3 where X is
assumed to be normal) for a general topological states space.

We begin in Section 2 by stating somewhat unusual equivalent definitions of a
large deviation principle (Proposition 2.3) which imply the existence of a minimal
rate function.
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In Section 3, we prove a general variational form of limsup ule (e?/t1y) for
any Borel measurable function h on X and any Borel set Y C X satisfying the
(localized) tail condition of Varadhan’s theorem (Theorem 3.1). By same methods
we obtain a sufficient (and necessary if X is normal) condition for the existence of
A(h) for all h € Cp(X), in the spirit of Portmanteau theorem (Theorem 3.3). A
generalized version of Varadhan’s theorem without any tightness assumption is a
direct consequence (Corollary 3.4).

In Section 4, assuming that X is normal, we look for necessary and sufficient con-
ditions that A(+) (as a functional on C, (X)) must satisfy in order to have a large de-
viation principle. This is obtained in Theorem 4.1 which gives five such conditions;
in particular it states that large deviations occur if and only if lim A(h;) = A(h) for
each increasing net (h;) in Cp(X) converging pointwise to h € Cp(X). As corollaries,
various basic results hold verbatim without tightness assumptions; this is the case
for the equivalence between the Laplace and large deviation principles (Corollary
4.2), and for the variational form of a rate function (4.5); a large deviation princi-
ple is characterized as a convergence in a narrow space of set-functions much larger
than capacities (Remark 4.5); Corollary 4.3 improves Bryc’s theorem by weakening
the exponential tightness hypothesis; (4.2) gives the infimum of a rate function J
on any closed set in terms of lim inf ple (+) (resp. limsup ple (), generalizing a well
known expression of J.

2. PRELIMINARIES

Let F (resp. G) denotes the set of closed (resp. open) subsets of X. For each

[0, +-00]-valued function f on X we denote by f (resp. f) the least upper semi-
continuous function on X greater than f (resp. the greatest lower semi-continuous
function on X lesser than f), and define a map v : G — [0,+00] by 74(G) =
sup,cq f(z) for all G € G.

‘We collect here some characterizations of positive bounded upper semi-continuous
functions we will use in the sequel.

Lemma 2.1. There is a bijection between the set of positive bounded upper semi-
continuous functions f on X and the set of maps v : G — [0, +o00[ satisfying

(2.1) 'y(U G;) = supy(G;) for all {G;i €I} Cg,
iel el

given by the maps
o v— fy(x) =infgegrea V(G) for allz € X.

o fir1y.
Moreover, for each positive bounded function f on X the following properties hold:
() F=fy,.
(ii) f is the unique positive upper semi-continuous function h on X satisfying
Yh =f-
(ili) sup,ey f(z) = infeoy.geg 71 (G) forallY C X.

(iv) f=V{g €0, +00[X: 7y =75}

Proof. Let f be a positive bounded upper semi-continuous function on X. For each
Y C X we have supy f < Supgsgup, o3 f < supy f+e, and since {f < supy f + ¢}
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is open and contains Y, we obtain

2.2 aup f = inf G
(2.2) sgpf c;lyr,lcegw( )

whence f,, = f. We now prove that v =~ forall v : G — [0, +oo[ satisfying (2.1);
let v be such a map, A > 0, and define G, = |J{G € G;7(G) < A}. Forall0 <v < A
and for all z € G, we have f,(z) < v(G,) < v, so that |J,., G, C {fy < A}
For all z € {f, < A} there is G > z such that v(G) < A, and thus G C G,
for some v < A. This shows that {f, < A} C U,.,Gv, and thus {f, < A} =
U, <x G which is an open set, so that f, is upper semi-continuous. Let G € G.
Clearly, supg fy < 7(G) (with the convention supy = 0). If supq fy < v(G),
then G C {f, < 7(G) — e} for some € > 0. Since f, is upper semi-continuous,
{fy <7(G) — €} is open with {f, < 7(G) — €} C G(g)—«, and since v is clearly
increasing, we obtain v(G) < v({f, < v(G) —¢}) < V(G (e)-<) < 7(G) — €, which
gives the contradiction. Thus v(G) = supg f, for all G € G and the first assertion
is proved.

Let f be a positive bounded function on X. Then, «; is bounded and satisfies
(2.1), so that f,, is upper semi-continuous with f,. > f. For all positive bounded
upper semi-continuous functions f1 > f, we have vy, > vy andso fy, = f1 > fy, >
J which implies f,, = f. This prove (7). If h is a positive upper semi-continuous
function on X satisfying v, = ¢, then h is bounded and (i) follows from (¢). Let
Y C X. By (2.2) we have supy f = infgoy.geg supg f, and since Y7 = s by (i),
(4ii) holds. Let h = \/{g € [0, +00[*: v, = v¢}. It is easy to see that v, = ¢, and
since f,, is upper semi-continuous with f,, > h, we have v, = Yf,, = 7f whence
h = f,, = f by (i). Thus (iv) holds. O

Definition 2.2. We say that (u.) satisfies a large deviation principle with powers
(to) if there is a lower semi-continuous function J : X — [0, oo] such that

limsup u'e (F) < sup e’ (x) < sup e™7(2) < liminf pl (G)
zeF zeG

for all F € F, G € G with F C G. Then, J is called a rate function for (u'>) which
is said tight if it has compact level sets.

Notice that in the literature, a large deviation principle is in general defined for
nets (1S)eso Or sequences (u}/ ")nen+. In the sequel, when we will refer to known
results which will be proved again, we will not make this distinction and state them
with general nets of measures and powers.

By (2.3), the following proposition shows that the set of rate functions for (ul)
has a minimal element; it is the only one if X is regular as it is well known ([2],
Lemma 4.1.4).

Proposition 2.3. The following statements are equivalent:
(i) () satisfies a large deviation principle with powers (tq).
(ii) There is a map v : G — [0, 1] such that
(a) limsup ple(F) < v(G) < liminf ple(G) for all F € F, G € G with
Fca.
() Y(Uies G) = supye; 7(G:)  for all {Gizi € T} € .
(iii) There is a function f: X — [0,1] such that

limsup ple (F) < sup f(z) < liminf ple (G)
zeG
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foral FeF, GeG with F CG.
(iv) There is a function f: X — [0,1] such that

lim sup ple (F) < sup f(z) < liminf p'o(G)
TzeF

foral FeF, Ge G with FF CG.
If (i) holds, then (i) holds with rate function J given by

(2.3) e’ = \/{f € (0,11 : f satisfies (iii) (resp. (iv))},
and
(2.4) Ne—d = \/{'y € [0,1]9 : v satisfies (ii)}.

If (i) holds with v, then (i) holds with rate function —log f, where

= inf ~(G) forallzeX.
f+(@) Gelgr}zer() orall z €

If (iii) (resp. (iv)) holds with f, then (i) holds with rate function —log f.

Proof. If (ii) holds with 7, then f, is upper semi-continuous and (7) holds with rate
function —log f, by Lemma 2.1.

If (4i7) holds with f, then (4¢) holds with ~y, and so (¢) holds with rate function
—log f, since fyy = f by Lemma 2.1.

If (4v) holds with f, then put 7(G) = suppcgsupy f for all G € G, and notice
that v satisfies (ii). Thus (i) holds with rate function —log f,. Since f < f < f.,
we have

sup f <sup f <sup f =sup f < sup f,
F F G G G

for all F' € F, G € G with ' C G (the equality follows from Lemma 2.1 (iii)).
Thus () holds with rate function — log f.
If (¢) holds, then (ii), (i74) and (iv) hold. The function

h = \/{f € [0,1]% : f satisfies (iii) (resp. (iv))}

obviously satisfies (iii) (resp. (iv)); the same for h by the preceding discussion, and
h = h by the definition of h; put e~/ = h and obtain (2.3). The map var = \/{y €
[0,1]9 : v satisfies (i4)} satisfies (i7), and so (i) holds with rate function J given by
e~/ = f,,,. Since yp-s = Yy = TM; (2.4) holds. |

Corollary 2.4. (Contraction principle) Let Y be a topological space, and w: X —
Y a continuous function. If (u.) satisfies a large deviation principle with powers
(ta) and rate function JX, then (w[uo]) satisfies a large deviation principle with

powers (t,) and rate function JY =1 where I(y) = infyep-1(y) JX () for ally € Y.
Proof. Let JX be a rate function for (ufe). The relations
lim sup 7 [jta]!= (F) = lim sup ple (" (F))

< sup e < sup e <liminfrfp,]"(G)

m 1 (F) ©H(G)
for all '€ F, G € G with F' C G, and Proposition 2.3 show that (7[u.]) satisfies
a large deviation principle with powers () and rate function J¥ = —log f where
X

f(y) =sup,-1(y e=7" forally € Y (since SUP;-1(p) e~/ =supg f). Equivalently,
JY :? where [(y) = inf -1, JX forally €Y. O
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3. A GENERAL VARIATIONAL FORMULA

Up to now, the only known condition which ensure the existence of A(h) for all
h € Cp(X) (and more generally for all [—oo, +o0o[-valued continuous functions h on
X satisfying the tail condition

(3.1) ]\/}li»noo lim sup p'e (eh/ta].{eh>M}) =0)

is the existence of a large deviation principle with tight rate function, and A(h) is
expressed in a variational form in terms of this rate function (Varadhan’s theorem,
[2] Theorem 4.3.1). In this section, we generalize these results in two directions.
First, Theorem 3.1 gives the general variational form of lim sup ute (e/t>1y) for
any Borel set Y C X and any Borel measurable function h on X satisfying the
localized tail condition (3.2). Next, Theorem 3.3 gives a sufficient condition for the
existence of A(-) on Cp(X) which is also necessary when X is normal; moreover,
the variational form of A(-) is obtained in terms of any set-function v € [0, 1]729
satisfying the typical in-between inequalities of large deviations (3.23). As a con-
sequence, Varadhan’s theorem is generalized in various ways (Corollary 3.2 and
Corollary 3.4).

For each map h : X — [—00,+0c] we put FJ_ = {e" € [\ —&,A +¢]} and
Gh.={e" €]A—e, A +e[} for all A > 0 and for all & > 0.

Theorem 3.1. For each Borel set Y C X, and for each [—o0, +o0o]-valued Borel
measurable function h on X satisfying

(3.2) Mhinoo lim sup gl (/e Liensanyny) =0,

we have

(3.3) limsup ple (e/t1y) = sup {(\ —¢) limsup pe (F)}f6 nY)}
A>0,e>0

(3.4) = sup {(e"®) — &) lim sup pte (Gﬁh(m>,5 nY)}

{z€Y,e>0:eh(®) <M}
for some M € [0,400[. Moreover, lim pte (eM/te1y) exists if

sup {(A—¢)liminf ple (F{.NY)} = sup {(e"® —¢) limsup ple (GI. ., NY)}
A>0,e>0 ' {z€Y,e>0:eh (@) <M} '

Proof. LetY be any Borel subset of X. Put g = e”, Gre = G§7EOY, .= FﬁEﬁY
for all A > 0 and for all £ > 0. We have
limsup gl (9" ' 1y') > limsup ply (9" "1, )
> (A — &) lim sup gt (F,.)
for all A > 0 and for all € > 0, and so

(3.5) lim sup ple (gl/t“ ly) > sup {(\—e)limsupple(Fyo)}
A>0,e>0

Thus, in order to prove (3.3) and (3.4), we have to prove that for some M < oo,

(3.6) limsup uly (g 1y) < sup {(g(x) — &) limsup prg (G gy ) }-
{z€Y,e>0:g9(x)<M}

For all M > 0, for all N € N* and for all 1 < j < N, we define
Funj={9€[(i—1)M/N,jM/N]}NY.
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We have
N
limsup gl (9" ' 1y) < limsup(D>  pa (9" Ly n,) + palg" " Ligsaryay))™
j=1
(3.7) < max limsup g (9" 1y, ) VIimsup g (97" g aryov ).
Since

lim sup /‘ga (gl/ta 1F1\/I,N,j) < lim sup /J'taa (FM7Ngj)||glFM,N,j H7
it follows from (3.7) that
lim sup gl (9" ** 1y)

(3.8) < 112;a<XN HglFM,N,j || lim sup ng (Fam,n,j) Vlimsup ,uf; (gl/to‘ 1{9>M}my).

Let M — oo, N — oo in (3.8) and use (3.2) to obtain some My € [0, o[ such that

: to(,1/ta EU] 3 to .
(3.9)  limsup gy (977 1y) < liminf max. {llglrn, v, [/ msup g (Farv5)}-

Thus, to obtain (3.6) it suffices to show

. . . te
liminf max {llg1r, v, | limsup p (Far v 5)}

(3.10) < sup {(g(z) — &) limsup p¢e (Gy(ay ) }-
{2€Y19(x)< Mo} >0

If (3.10) does not hold, then there exists v > 0 such that

. . . te )
liminf max {llg1ry, x| imsup ug (Far v 5)}

(3.11) > sup {(g(x) + v — &) limsup p’e (Gy(a)e)})
{ze€Y;g(x)<Mp},e>0

Take 0 < g9 < v/2 in (3.11) and obtain

. . . ta
i inf max {191, |l 1im sup e (Fago v 5)}

(3.12) > sup  {(g(@) + co) limsup g (Gy(a ) }-
{z€Yig(x)<Mo}

But for all 0 < A < My and for all N > My/eo we have
(3.13) (A + o) limsup ,ugl (G)\,ao) > Hg]‘FZMO‘N,jA [| lim sup ﬂf{‘“ (FMOVNJA)
where j, is such that A € [(jx—1)Mo/N, jxMo/N] (since [(jx—1)Mo/N, jxMo/N]| C
JA — €0, A + e0[). When X ranges over [0, My], jx ranges over {j;1 < j < N}, and
(3.13) implies
sup {(A+ eo) limsup iy (Gae)}

0<A< My
(3.14) > max {llglr, v, | limsup ue (Fas,n )}
for all N > Mg /eo. Notice that for all N € N* and forall 1 < j < N, if Fagy n,; # 0
then j = jg(,) for some x € Y. Thus it suffices to consider A € {g(z);z € Y, g(z) <
My} in the L.H.S. of (3.14), that is

sup  {(g(x) + £o) limsup ple (Gy(a).e0) }
{2€Y39(z) < Mo}
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2 1g}a§XN{||g1FMO,N,j ” lim sup ,foa (FM(Jvaj)}

for all N > Mj/eo, which contradicts (3.12); it follows that (3.10), (3.6), and finally
(3.3) and (3.4) hold. In the same way that we obtained (3.5), we have

(3.15) liminf ple (g% 1y) > sup {(\ — &) liminf pte (Fae)l}s
A>0,e>0
and the last assertion follows from (3.4). O

A localized version of Varadhan’s theorem states that if X is regular and if (p1q,)
satisfies a large deviation principle with powers (t,) and tight rate function J, then
(3.18) and (3.19) hold with I = J ([2], Exercise 4.3.11). The following corollary
removes all the hypothesis on [ and X.

Corollary 3.2. Let !l be a [0,+o00]-valued function on X satisfying

(3.16) VF e F, limsupple(F) < supe '@
zeEF
(3.17) (resp. VG €6, liminfule(G) > sup 1@,
1S

Then, for each [—o0,+o0]-valued continuous function h on X satisfying (3.1), we
have

3.18 VF e F, limsupple(e/t1p) < sup M) =)
Ha
z€F,h(z)<oo
(3.19)  (resp. VG e @G, liminfpule(ete1g) >  sup  eM@eml@)),
z€G,h(z)<oo

Proof. Suppose that (3.16) holds and (3.18) does not hold for some [—o0, +0o0]-
valued continuous function h on X satisfying (3.1). Since

lmsupple (1) = sup {(" o) limsuppte (Fh, 0 F))
{z€F;h(x)<oco},e>0 ’

for all F' € F by Theorem 3.1, there exists Fy € F, xg € Fy with h(zg) < oo, and
€o > 0 such that

(e"(@0) — £4) lim sup ple (Fe}ﬁl(mo) ,NEF) > sup M@ l@),

z€F,h(z)<oo
By (3.16) we have
(@) — g) sup el@ > sup @U@
rEth(IO) NF zEF,h(x)<oco
e €0

and so there exists x1 € Ffﬁ,(m y . N F such that
e 0/),e0

(eh(w") — ao)e_l(‘”l) > sup PUCPSUCR
zEF,h(x)<oo

Since eM#1) > eh@0) _ ¢ we obtain

eh(xl)e—l(xl) > sup eh(m)e—l(m)
z€F,h(z)<oo
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with 1 € F and h(z1) < oo, whence the contradiction. Suppose now that (3.17)
holds and (3.19) does not hold for some [—o0, +00]-valued continuous function h
on X satisfying (3.1). By (3.15), there exists Gy € G such that

sup @ e=l@) S liminf gl (Mt 1g,)
z€Go,h(z)<oco

> sup {(e"® — &) liminf pfe (GM(.) - N Go)}.
2€Go,h(x)<00,e>0 ’
Thus, there exists xo € Gy with h(zg) < 0o, and v > 0 such that
eh(@o)g=l@o) ~ 4 4 sup {(e"® — &) liminf pfe (GM., .NGo)}
2€Go,h(x)<oc0,e>0 i ’
and
(3.20) eh(@o)e=i(@o) sup {(e"® — ¢ + v) liminf pte (Gloy . N Go)
z€Go,h(z)<00,e>0 ’
By taking x = x¢ and €9 < v in the R. H. S. of (3.20) we have
eM@o) g=Uzo)  h(@o) Ji inf pee (Glieyy o, N Go)}s
and by (3.17)
eh(@o) p=l(z0) - h(zo) sup e~ l@)
IGG:h'(f”O),EOOG
which gives the contradiction. (I
A direct consequence of Corollary 3.2 is that Varadhan’s theorem can be stated

verbatim for a general state space and with any function (in place of a tight rate
function) I : X — [0, +00] satisfying the large deviations lower and upper bounds:

(3.21) lim sup pie (F) < sup e ') < sup e 7@ < liminf pte (Q)
Tz€EF zeG
forall F € F, G € G with F' C G; that is to say, A(h) exists and
A(h) = sup  {h(z) —I(z)}
z€X,h(z)<o0

for all [—oo,+00]-valued continuous functions h on X satisfying (3.1). We will
see with Corollary 3.4 that it is possible to go further in the generalization of
Varadhan’theorem obtaining the same conclusions with hypothesis weaker than
(3.21).

Recall that X is normal if and only if the following interpolation property holds:
if f and g are real-valued respectively upper and lower semi-continuous functions on
X such that f < g, then there is a continuous function h on X satisfying f < h < g.

Theorem 3.3. Consider the following statements:
(i) A(h) ezists for all h € Cp(X).
(i) limsup ple (F) < liminf ple (G) for all F € F, G € G with F C G.
If X is normal, then (i) = (it). If (it) holds, then (i) holds and moreover for each

[—00, +o0]-valued continuous function h on X satisfying (3.1) we have for some
M € [0, +o0],

(3.22) *™ = sup {(A—e)y(F},)} = sup {("™ —e)(Chey D)
A>0,e>0 {zx€X,e>0:eh(@) <M}
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for all maps v : FUG — [0, 1] satisfying

(3.23) limsup ple (F) < y(F) < 4(G) < liminf e (G)

forall Fe F, Ge G with F CG.

Proof. Suppose that (i) holds and X is normal. For each F' € F and G € G with
F C G, there exists h € Cy(X) such that 1p < h < 1g. Since 1p < e <
e "ln\gVle for all n € N, we obtain

lim sup ple (F) < inf =)

< infliminf{e™" + p' (G)} < liminf p'e (G),

and (47) holds.

Suppose that (i) holds. Let h be a [—00, +00]-valued continuous function on X
satisfying (3.1), and v : F UG — [0, 1] satisfying (3.23). Put g = " and let us use
the same notations as in the proof of Theorem 3.1 (with Y = X). For all A > 0,
for all € > 0 and for all § > 0 with 6 > &, we have by (3.23)

lim inf gfe (g1/t) > liminf pte (g'/te la,.s)
> (A= 6)11(Gag) > (A — O)(Fre).

Thus
lim inf gt (gt/te) > Lim (A = 0)y(Fe)
> (A= E)W(F)\’g) > (A= E)W(Gkﬁ)v
and
liminf pfe (g7*) > sup {(A —e)7(F.)}
A>0,e>0
> sup {(A—e)y(Gre)}

A>0,e>0
In order to prove (3.22), we have to prove that for some M < oo,

(200 Gmspub@ < s (@@ - oy(@om)).
{zeX;eh (@) <M},e>0

By using (3.23), and in the same way that we have obtained (3.10) in the proof of
Theorem 3.1, we find some M € [0, oo such that to prove (3.24) it suffices to prove

liminf max {||glFr Ny(Fagn,g)} < sup M@ — )y (G oy L)}
int s {loke, v, P} S s () oG )

which is achieved exactly as in Theorem 3.1. (I
The following corollary gives sufficient conditions much weaker than large de-
viations with tight rate function in order to have the conclusions of Varadhan’s

theorem; in fact, we will see in the next section (Corollary 4.2) that when X is
normal the condition (3.25) is also necessary.

Corollary 3.4. Letl be a [0, +o00]-valued function on X satisfying

(3.25) lim sup ple (F) < sup e '@ < liminf e (G)
zeG
(3.26) (resp.  limsup p'e (F) < sup e 7@ < liminf ple(G)

zEF
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forall F e F, G € G with F C G. Then, A(h) exists and
(3.27) A(h) = sup  {h(z) —1I(x)}

z€X,h(z)<o0
for all [—oo, +00]-valued continuous functions h on X satisfying (3.1).
Proof. Let h be a [—00, +oo]-valued continuous function on X satisfying (3.1). If

(3.25) holds, then by Theorem 3.3 (with v(G) = sup, . e '@ for all G € G), A(h)

exists and

A = sup {(A—¢) sup e '@},

A>0,e>0 zGGk_S
Sinceforall)\zO,5>Oandx€G§€

(A — e)e @) < (h@) i)

we obtain
A —e)e '@ < sup @@
z€X,h(z)<oo
(A—¢) sup e @) < sup M) g=l=)

wEG’;\',E z€X,h(z)<c0
and thus

A < sup h(@) o= l(z)

zE€X,h(z)<oo

For all x € X with h(z) < oo, and for all € > 0 we have

(eh(r) — 6)efl(ar) < (eh(z) —¢)  sup e 1)
VEG () .

which implies
(eh(w) _ 6)(e—l(os) < MM

@) g=l@) < AR

and finally
sup B e=l=) < AR,
z€X,h(z)<oo
Thus ") = SUP, e X h(z)<oo eM@)e=l®) which is equivalent to (3.27). If (3.26)
holds, we conclude by applying Theorem 3.3 (with y(F') = sup,cp e~ 1) for all
F € F), and replacing Gi,g by F;fye, and GZW,E by Fehhm,g in the above proof. [J

Remark 3.5. Let I' be the set of maps v : FUG — [0, 1] such that v(F) < v(G)
for all FF € F, G € G with FF C G. Define the narrow topology on I' as the
coarsest topology for which the mappings v — ~(Y’) are upper semi-continuous for
allY € F, and lower semi-continuous for all Y € G. The net (ul (-1/%)) can be seen
as anet in I" provided with the narrow topology, as well as a net in [0, oo[{eh:hecb(x)}
provided with the product topology. Then, the implication (i7) = (i) in Theorem
3.3 means that if (ulo(-'/**)) has a limit in T, then (ufe(-'/*~)) has a limit in
[O,w[{eh:hecb(){)}; moreover, the converse holds if X is normal. Of course, the
limit in T" when it exists is not unique: for each F' € F and G € G, v defined by
v(F) = limsup ple (F) and v(G) = liminf p'e (G) is an example, and ' defined by
v (G) =v(G) and v/(F) = infe5r.geg 7(G) is another one.
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4. CRITERIA OF A LARGE DEVIATION PRINCIPLE

In this section, we investigate what has to be add to the existence of A(h) for all
h € Cy(X) (in other words, of the limit A(-) of (log ute (e/t«)) in | — oo, +-00[C+(X))
in order to have large deviations. Of course, some hypothesis on X are required to
have sufficiently continuous functions, so we suppose here that X is normal. In this
case, by Theorem 3.3 (and Remark 3.5) the existence of A(-) on Cp(X) is equivalent
to the existence of a narrow set-theoretic limit v € T' of (ule) , which is also
equivalent to the existence of A(h) for all [—oo, +oo]-valued continuous functions h
on X satisfying the tail condition (3.1); moreover for each such a function h, the
variational form of A(h) is given in terms of . In particular, v can vary and it is
essentially this flexibility which allows us to obtain in Theorem 4.1 five necessary
and sufficient conditions, each of them corresponding to some type of information:
a property of A(-) as a functional in (i7), a special variational form of A(-) in
(i74), a property of v in (iv), and a property of the net (ule) in (v) and (vi). It
is worth noticing that in both formulations (functional (i7) or set-theoretic (iv)),
the condition on the limit is the same: a continuity property on increasing nets.
As corollaries, several basic results of the theory are strengthened by removing
tightness or compactness hypothesis.

Theorem 4.1. If X is normal, then the following statements are equivalent:

(i) () satisfies a large deviation principle with powers (ty).

(ii) A(h) exists for all h € Cyp(X), and A(h;) converges to A(h) for each increas-
ing net (h;) in Cp(X) converging pointwise to h € Cp(X).

(iii) A(h) exists for all h € Cy(X), and A(h) = sup,cx{h(z) — l(z)} for some
function l : X — [0, 400] and for all h € Cp(X) .

(iv) There is a map v : G — [0,1] such that
(a) limsup ple(F) < (G) < liminf ple(G) for all F € F, G € G with

Fca.

(b) v(U; Gi) = lim~(G;) for each increasing net (G;) in G.

(v) A(h) exists for all h € Cyp(X), and for all F € F, for all open covers {G; :
i € I} of F and for all e > 0, there exists a finite subset {G;,,...,Giy} C
{G; : i €I} such that

(4.1) lim inf gfe (l%) — limsup ple ( U G,

;) <e
1<j<N

(vi) There is a function l: X — [0,400] such that

(4.2)
inf l(z) = sup {—liminft,logu.(G)} = sup {—limsupt,logu.(G)}
zel Geg,GOF Geg,GOF

forall F e F.
If (i) holds with rate function J, then the following properties hold:

(4.3) inf J(x) = sup {=A(h)} forall F e F.
zEF hECy(X),h|p=0
(4.4) inf J(x)= sup {=A(h)} for all G € G,

TE€G h€Cha(X),eh<1g
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where Cpo(X) is the set of [—oo, +oo[-valued bounded above continuous functions
on X; in particular

(4.5) J(x)= sup {h(z)—A(h)} for all x € X.
heCy(X)

(4.6) J =1 foralll: X — [0,400] satisfying (ii7).

(47) )= n_H(C)

for all x € X, and for all v : G — [0,1] satisfying (iv).

(4.8) J =1 for alll: X —[0,400] satisfying (vi).

If moreover X is second countable, then we can replace "net” by "sequence” in (i1)
(resp. (iv)), and “open covers” by “countable open covers” in (v).

Proof. (i) = (iv) and (ii4) = (i7) are clear; (i) = (4i7) by Corollary 3.4 and so
(7) = (i1). If (i) holds with rate function J, then for each F' € F, each open cover
{Gy;i €I} of F and each € > 0,
limsup ple (F) <supe ™ < sup e/ =supsupe ™ < supliminf ple (G;) + ¢,
F UieIGi i€l G; iel

which implies (v).

Suppose that (i4) holds. We will prove that (i) holds. Let Cp,(X) be the set
of [—o00, +o00[-valued bounded above continuous functions on X. By Theorem 3.3,
A(R) exists in [—o00, +00] for all h € Cpe(X), and notice that

A(hV k) =A(R) VvV A(k)
for all k € Cpo(X); in particular
A(hVs)=A(h) Vs

for all s € [—o0o,400[. Let (h;) be an increasing net in Cp,(X) converging to
h € Cpo(X) with A(h) > —oo. For each real s < A(h) we have limA(h; V s) =
A(h Vv s) = A(h), and so eventually A(h;) > s which shows that lim A(h;) = A(h).
Therefore, we can replace Cy(X) by Cpe(X) in (7). Let F € F and h € Cpe(X)
with hjp = 0. If A(h) > —oo, then A(hV s) = A(h) with (hV s)p = 0 for all
s < A(h) AO; if A(h) = —oc0, then the sequence (A(hV —n))nen converges to —oo
with (hV —n);p = 0. Thus,

inf M) = inf AR
heECha(X),h =0 heCy(X),h =0 ’
and by interpolation property we have
limsup ple (F) < inf eAh) = inf erh)
h€Cpq (X),h|p=0 hECb(X),h‘F=0
(4.9) < sup A < liminf pte (Q)

h€Cpa(X),eh<lg
for all FF € F, G € G with F C G. Define

= inf Ah) (— inf A(h)
1(@) hGCb()l(I)l,h(x):Oe ( hecba&l),h(z):oe )
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for all x € X. By (4.9), in order to prove () it suffices to show that f is upper
semi-continuous and satisfies

4.10 su T) = inf M)
( ) zegf( ) h€Cs(X),h| =0

for all F' € F, and

(4.11) sup f(x) = sup e
zeG heCpqe(X),eh<lg

for all G € G. We first show (4.10). Clearly
sup f(x) < inf erh)
;celf?'f( )s heCy(X),h p=0

for all F' € F. Suppose that

sup f(x) < e’ < inf A

weF h€Cy(X),hy p=0
for some F' € F and some real s. Then, for all x € F there exists h, € C,(X) which
can be chosen negative such that h,(z) = 0 and

4.12 A(h, inf A(h).
(4.12) (he) <5<l A

But 1p < eVeerhe with \/1:6 r he bounded lower semi-continuous, and so there
exists h € Cy(X) such that 1p < el < eVaer he (in particular hjp = 0) . Let [
be the set of finite subsets of I" ordered by inclusion, and h; = h A'\/,; h, for all
i € I, so that (h;);cr is an increasing net in Cy(X) converging to h. Since A(h;) <
AV, ha) = sup,e; A(hy) < s for all i € I, we obtain lim A(h;) = A(h) < s which
contradicts (4.12). Thus (4.10) holds. We now prove (4.11). By interpolation
property (between 17,y and 1¢) we have clearly

sup f(z) < sup M
z€G h€Cya(X),eh<la

for all G € G. Suppose

sup f(z) < sup A

z€q RECH (X),eh<lg
for some G € G. Then, for all x € G there exists h, € Cp(X) with h,(z) = 0 such
that
(4.13) sup A(hy) < s < A(hg)
zeG
for some hg € Cpo(X) with €6 < 15, and some real s. Let I be the set of finite
subsets of G ordered by inclusion, and h; = hg A Vmei h; for all i € I, so that
(h;)ier is an increasing net in Cp, (X) converging to hg. Then
A(hg) =lim A(h;) < lim A(\/ hs) = lim(sup A(hs)) < s

€ zEeL

which contradicts (4.13). Thus (4.11) holds. It remains to show that f is upper
semi-continuous. By (4.9), (4.10), (4.11), and since

flx)= inf A < inf sup A
h€Cpa (X),h(z)=0 GD{z} RECH (X),eh<lg
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for all x € X, by Lemma 2.1 it suffices to prove that

(4.14) flx) = inf AN > inf sup A
h€Cya(X),h(x)=0 GOz} heCya (X),eh<la

for all z € X. Suppose that (4.14) does not hold for some z € X. Then, there

exists h, € Cpe(X) with hy(x) =0, and v > 0 such that

(4.15) eAhe) 1y < inf sup M),
GO{e} hetpa (X),eh<1q

By (4.9) and Theorem 3.3 (with v(G) = sup,ec,, (x),eh <16 eAM) | we have

(4.16) M) — qup {(A—¢) sup e
A>0,e>0 h€Cha(X),e" <1,
Ae

Take A =1 and 0 < ¢ < v in (4.16), and obtain by (4.15)
sup MM < inf sup A
h€Cha(X),e" <1 n, GO{z} heCy, (X),eh<lq

1,e

with z € G}ffe, which gives the contradiction. Thus (4.14) holds and f is upper

semi-continuous.
We have proved (i) < (i9), and that when (i) holds with rate function J, then
(4.3) and (4.4) hold (by the uniqueness of a rate function on regular spaces); since

A(h = h(z)) = A(h) — h(z),
(4.5) follows from (4.3).

Suppose that (¢74) holds with [ : X — [0, +00]. Then, obviously (i¢) and so ()
hold; let J be the associated rate function. By Corollary 3.4,

(4.17) e = sup ehe™’
X

for all h € Cpa(X), and so

(4.18) supee™ =supele!
X X
for all h € Cy(X). Clearly, for each h € Cp,(X) there exists a real s such that
supee™ =supe Ve
b'e b'e
and
supele ™ = supeVie !,
b'e X
and so by (4.18)
(4.19) supele™ = supele™.
b'e b'e

For any G' € G choose an increasing net (h;) in Cy,(X) such that sup, e? = 1¢,

and obtain by (4.19)

sup o sup e !

G G

7 = supge~! for all

Since supg e~! = supg e”! by Lemma 2.1, we have supg e~
o [e]
G € G. Since e~ and e~! are upper semi-continuous, we have .J =] by Lemma 2.1.

Thus, if (¢) holds with rate function J, then J =] foralll: X — [0, +00] satisfying
(#41) and (4.6) holds.
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Suppose that (iv) holds with v : G — [0,1]. Define v(F) = infg~r v(G) for all
F € F, and notice that + is increasing on F, satisfies v(F') < v(G) for all F' € F,
G € G with F' C G, and by (a),

(4.20) v J Gy < sup (Gy)

1<j<N 1=I=N
for each finite family {G;}i<j<ny C G. By Theorem (3.3), A(h) exists for all
h € Cpe(X) and

@421) = sup {A-e(GR)Y= swp {(") =) (Gl )}
A>0,e>0 reX,e>0

(4.22) = sup {(A—e)y(FL)}
A>0,e>0

We will show that (i7) holds. Let (h;);er be an increasing net in Cp(X) converging
to h € Cp(X), and suppose that A(h) > sup;c; A(h;). By (4.21) and (4.22), there
exists A\g > 0 and g9 > 0 such that

(Ao = €0)7(Gh, c,) >sup sup {(A—e)y(FyL)}
i€l A>0,e>0

> SuII){(AO - 60)7(F,<L3,50)}’
1€

and thus
NGhye) > sA(ER; ) 2 5up (G )
Let p be the set of finite subsets of I ordered by inclusion, and obtain by (4.20)
(4.23) VG € p, V(G’;o,so) > sup 7(U Gl)\l;,so)’
€0 icp
But Gﬁom C supgey, Uies Gié,eo’ and the condition (b) contradicts (4.23). It

follows that A(h) = sup;c; A(h;), that is (i) and so (¢) hold; let J be the associated
rate function. We now prove that (4.7) holds. Let G € G and h € Cp(X) such
that e’ < 1. For all z € X and £ > 0 with eh(@) > e, we have

Fehh(z),e cG
and
(") =) (Fliw ) < (") —)v(G).
Thus,
(4.24)
sup {("@ —e)y(Flh) )} < sup {("@ =) (@)} <(G),
{zeX;eh(®) >e},e>0 {z€X;,eh(@) >e},e>0

and since if eA") > 0
(4.25) e = sup {(eh(w) - E)V(Fe}?»(z)@)h
{reX;eh(®) >e}e>0
by (4.24) and (4.25) we obtain
(4.26) sup A < 4(@).
h€Cha(X),eh <1

Suppose that

sup AW 4y < 4(@).
hecba(X)76hS1G
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for some v > 0. By taking A =1 and 0 < g9 < /2 in (4.22) we obtain
(4.27) VF.,) +v/2 <~(G)

for all h € Cyo(X) such that e” < 15. Let (h;) be an increasing net in Cy, (X) such
that sup, e® = 1, and p the set of finite subsets of I ordered by inclusion. Then
(Uies G?jso)ﬁGP is an increasing net in G such that

(4.28) ve>0, GclJlar.,.

Bepiep
By (4.27) we have
Viel,  y(Gr)+v/2 <y(FL) + /2 <y(G),
and by (4.20),
vBep,  wlJGrL,) +v/2<(G)
i€p
which contradicts (4.28) by (b). Therefore,
sup MM = (@),
hECya (X),eh<1c

and by (4.4)
supe™” = v(G)
a

which gives (4.7) by upper semi-continuity of e~”.
Suppose that (v) holds. By Theorem 3.3,

M = sup {(A—e)liminfply (G0} = sup {(A— &) limsup ufy (F),)}

«
A>0,e>0 A>0,e>0

forall h € Cp(X). Let (h;);er be an increasing net in Cp (X)) converging to h € Cp(X).
We will prove that im A(h;) = A(h). If A(h) > sup;c; A(h;), then there exists
Ao > 0, g > 0 and v > 0 such that

(Ao — o) lim inf pfe (G},\Lo,ao) >sup sup {(A—¢)limsup pu’e (F/(‘E)} +v
i€T A>0,e>0

>sup sup {(A—¢) limsupufj(Gf\le)} +v

i€l A>0,e>0
(4.29) > 5161]1;_) Sli}g{()\o — e+ v/2)limsup ue (G};OE)} +v/2.
7 €

Take g9 < € < €9 + /2 in (4.29) and obtain

(4.30) (Ao — go) lim inf gle (G?O,EO) > (Ao —€p) s_ug) lim sup p'e (G’;Oa) +v/2.
1S

Put F = F)ﬁ),&g’ G, = Gi;’s for all i € I, and notice that F' C (J,c; G;. Since

Fo G, ., we obtain by (4.30)
lim inf pfe (1%) > sup lim sup ple (G;) + v/2,
i€l
and so
lim inf gl (F) > lim sup ple U Gi,)+v/2,
1<<N
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for all finite subsets {G;, : 1 < j < N} C {G; : i € I}, which contradicts (4.1).
Thus lim A(h;) = A(h), that is (i) and so (¢) hold.

It remains to prove (i) < (vi), (4.8) and the last assertion. Suppose that (i)
holds with rate function J. Put f = e~ and let F' € F. By (4.3) we have

= inf AN < inf  liminfuto(G) < inf limsup ute (G).
21612“3;) hecb(;(n),hw:oe - Geé{lcjp iminf pg (G) < Geg,lGjF imsup p2 (G)
Suppose that

inf A < inf limsup pte (@),
heCy(X),h 1 r=0 GeG,GDF p e (G)

Then, there exists v > 0 and hr € Cy(X) with hp|p = 0 such that

A(hp) . . ta
(4.31) e +v< Geg,lcf:ijm sup p (G).
Since
(4.32) eMhr) — sup {(e" @ — &) lim sup pte (ij;(x)’e)})

{zeX;hp(z)<oco},e>0
by Theorem 3.3, by taking ¢ = g9 < v in (4.32) we obtain by (4.31)

4.33 su e"F (@) lim sup ple (FF < inf limsup ple(G).
(4.33) {xex;th)@o}{ phg (Fplpm o)1) < i p g (G)

Since hp(xz) =0 for all x € F, we have F' C G;’fgo C Flhgo and (4.33) implies

lim sup ple (G’fi.o) < lim sup p’e (Flhgo) < GeéanDF lim sup ple (GQ)

and the contradiction. We have shown that

:ggf(a:) = Geg,l(f:thm inf ple(G) = Geg,lcf;thm suppule (G)  forall F € F
which is equivalent to (4.2) with [ = J, and so (vi) holds.
If (vi) holds with I : X — [0, +00], then (4.2) implies

lim sup pfe (F) < supe™ < liminf p'e (G)
F

for all F € F, G € G with F' C G. By Proposition 2.3, (i) holds with rate function

7 and (4.8) holds.

If moreover X is second countable, then it is well known that for any family
{h; : i € I} of lower semi-continuous functions on X there exists a countable subset
Iy C I such that sup;c; h; = sup,¢;, hi. It is easy to see in the above proof that this
property allows us to replace "net” by ”sequence” in (ii) (resp. (iv)), and “open
covers” by “countable open covers” in (v). d

By combining Theorem 4.1 with Corollary 3.4 and Lemma 2.1, we obtain in the
following corollary necessary and sufficient conditions in order that a large deviation

principle occurs with rate function the lower regularization <l) of a given function
[ : X — [0,400]. Notice that by Proposition 2.3 and (i) < (i¢) in Corollary 4.2,
the infimum of the set of [0, +-oc]-valued functions [ on X satisfying (3.25) coincides
with the lower regularization ] of each its elements. The equivalence (i) < (i4i) in

Corollary 4.2 was known when [ is a tight rate function ([2], Theorem 4.4.13); here
there is no hypothesis on .
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Corollary 4.2. Suppose that X is normal, and let | be a [0, +0o0]-valued function
on X. Then, the following statements are equivalent:

(i) () satisfies a large deviation principle with powers (to) and rate function

o]

l.
(i)
lim sup pte (F) < sup e '®) < liminf zle (@)
zeG
foral FeF, GeG with F CG.
(iii) A(h) exists and

A(h) = bgg{h(x) —l(z)} for all h € Cp(X).

(iv) A(h) exists and
A(h)= " sup  {h(z) — ()}

zEX,h(z)<oo
for all [—o0, +00]-valued continuous functions h on X satisfying (3.1).
Proof. (ii) = (iv) = (iii) by Corollary 3.4, (ii4) = (i) by Theorem 4.1, and
(i) = (i) since sup,cq e " *) = sup, ¢ e 1@ for all G e G by Lemma 2.1. O

Recall that (u,) is said exponentially tight with respect to (¢), if for all € > 0
there is a compact set K C X such that lim sup ple (X\K) < €. Bryc’s theorem ([2],
Theorem 4.4.2) states that if A(h) exists for all h € Cp(X) and if (114) is exponen-
tially tight with respect to (¢, ) , then (u,) satisfies a large deviation principle with
powers (tq); moreover, the (necessarily tight) rate function satisfies (4.5). The fol-
lowing Corollary 4.3 shows that the first conclusion holds under hypothesis clearly
weaker than exponential tightness. Moreover, Theorem 4.1 states that without any
tightness hypothesis, a rate function for (ule) always satisfies (4.5).

Corollary 4.3. Suppose that X is normal. If A(h) exists for all h € Cp(X), and
if for all open covers {G; : i € I} of X, for all € > 0, there exists a finite subset
{Giys .., Giy} C{G; i €I} such that

(4.34) lim sup ple (X\ U G;,) <e,
1<j<N
then (11o) satisfies a large deviation principle with powers (to,).
Proof. Let F' € F, {G; :i € I} an open cover of F' and € > 0. Then, J;o; GiUX\F

is an open cover of X, and so there exists a finite subset {G;,,...,G; } C {G; : i € I'}
such that

limsup e (X\( | ] @i, UX\ F)) <e.

1<j<N
Thus
lim sup pfe (1g \ U Gi;) <e
1<Gj<N
and by Theorem 4.1, the conclusion holds. (I

Corollary 4.4. If X is normal and (u'e) satisfies (4.34), then (uq) has a subnet
(np) satisfying a large deviation principle with powers (tg).
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Proof. Define Ay (h) = log ule (/) for all h € Cy(X). Then, (Ay(-)) is a net in
the compact space [—o0, +00]%(X) (with the product topology), and so there is a
subnet (Ag(-)) converging to some limit (A(-)). The result follows from Corollary
4.3 applied to (ut;). O

Remark 4.5. (i) < (iv) in Theorem 4.1 was known when ~ is a maxitive capacity
in the O'Brien sense, i.e. v(G) = sup{y(K) : K C G, K compact} for all G € G,
Y(K) = inf{y(G) : G D K,G € G} for all compact K C X, and + satifies (2.1)
of Lemma 2.1 ([3]). Thus, Theorem 4.1 removes the maxitivity as well as the
capacitability of v (notice the difference between (iv) in Theorem 4.1 and (i¢) in
Proposition 2.3). In the spirit of Remark 3.5, this means that (1) satisfies a large
deviation principle with powers (t,) if and only if (ule) has a narrow set-theoretic
limit in the set {y € I" : limy(G;) = v(J,; G:) for all increasing nets (G;) in G}.

Remark 4.6. When X is Polish and (p) = (tn)nens, a recent result of Bryc and
Bell ([1], Theorem 2.1) implies the equivalence of the following statements:

(i) (un) satisfies a large deviation principle with powers (1/n) and tight rate
function.
(ii") A(h) exists for all h € Cp(X), and inf,, A(h,y,) = A(h) for each decreasing
sequence (h,,) in Cp(X) converging to h € Cp(X).
The equivalence (i) < (it) together with the last assertion in Theorem 4.1 can be
seen as a free tightness analogue of that, by replacing ”decreasing” by ”increasing”
in (ii’), and removing ”tight” in (i’).

Remark 4.7. The relation (4.2) in Theorem 4.1 generalizes a well known expression
of a rate function J for (ule), obtained with [ = J and F ranging over all singletons
([2], Theorem 4.1.18).
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